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Abstract: We derive the complete five-gluon scattering amplitude at tree level, within the 
context of Open Superstring theory. We find the general expression in terms of kinematic 



factors, and also find its complete expansion up to 0{a' 3 ) terms. We use our scattering 



amplitude to test three non-equivalent 0(a' 3 ) 
matter of some controversy. 



effective lagrangians that have recently been 
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1. Introduction 

A nice feature of String Theory, among many things, is the fact that it reproduces known 
non- massive field theories in its low energy limit (a' — > 0). In fact, the String Theory 
corrections to these field theories may be found perturbatively in a' by means of scattering 
amplitude arguments, as was done in [||, where the leading corrections to the Yang-Mills 
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and the Einstein-Hilbert lagrangians were found. Moreover, in ||, g], the infinite a' se- 
ries describing the interaction between open massless strings (corresponding to photons) 
was found to be the Born-Infeld theory Q, as long as the field strength is kept con- 
stant. 

Up to now, there hasn't been found a non-abelian generalization of this last result 
and the only achievements that have been done so far are strictly perturbative in a'. 
Indeed, besides the leading Yang-Mills term, the structure of the non-abelian Born-Infeld 
lagrangian is completely known only up to 0{a' 2 ) terms [||, Results involving higher 
order corrections have only been partial in the sense that a non-abelian prescription that 
worked for 0{a' 2 ) terms || did not work at higher orders (see §§ and references therein) 
or that only some terms of a higher order correction in the effective lagrangian have been 
found ||, but not all. 

So a good starting point to consider would be the determination of the complete 0(a' s ) 
terms in the non-abelian Born-Infeld lagrangian. This problem was studied a long time ago 
in |?j by means of the partial computation of the five-point amplitude in Open Superstring 
theory. Recent attempts have avoided this direct calculation, succeeding in arriving to 
an effective lagrangian || ||. But controversy emerged since the C(a /3 ) terms of these 
effective lagrangians turned up to be non-equivalent H . 

In this paper we reconsider the scattering amplitude approach to the effective la- 
grangian by calculating the complete open superstring five-point amplitude. 

Our paper is organized as follows. In section || we give a brief review of iV-gluon 
scattering amplitudes in the context of Open Superstring theory (at tree level). In sec- 
tion |H we shortly give the known three and four-gluon amplitudes, as derived directly from 
the general iV-gluon formula, presented in section ^. In section || we consider the low 
energy gluon lagrangian responsible for the previous three and four-gluon amplitudes (up 
to 0(a' 2 ) terms) and we introduce the 0{a' ?J ) lagrangian terms of [Q. In section |B| we 
develop the main result of this paper, namely, the five-gluon tree amplitude as derived 
from Open Superstring theory. In the final section, we make an analysis of the different 
existing versions of the lagrangian terms at order C(a' 3 ), in light of our five-point ampli- 
tude result. Our main conclusion is that we find complete agreement with the one in ||. 
Appendix |A| contains the kinematic factors which appear in the five-gluon tree amplitude. 
Appendix [B] contains the explicit expressions for the second and third order contributions, 
in a', to this amplitude. Appendices |C] and ^ constitute a fundamental support to all 
the effective lagrangian expressions appearing in this work since they contain the Feynman 
rules and the scattering amplitudes derived from these lagrangians, which match with all 
the corresponding scattering amplitudes derived from Open Superstring theory. We have 
treated these very involved calculations using the Maple version of the computer algebra 
package HIP Q. 

While this paper was being written, the authors came across a recent preprint [12], 
in which the 0(c/ 3 ) lagrangian terms of |8| were confirmed by studying a' deformations 
of D = 10 Super Yang-Mills theory up to order three, imposing supersymmetry order by 
order. Our work has been done with complete independence and without any reference to 
this preprint. 
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Figure 1: The planar open-string diagram. 

2. Review of gluon tree amplitudes in Open Superstring theory 

Upon quantization of the superstring it turns out that Lorentz invariance is violated unless 
D = 10 and non massive states (M 2 = 0) are part of the infinite spectrum |l3|, [L4|, |i~5| ]. 
These states describe a vector particle A^ 1 , and a spinor particle if) 1 *. If Chan-Paton factors 
are associated to the ends of the open superstring, then this allows for the introduction of 
a U(n) gauge group. In this case the couple (Aa,ipa) is the one describing D = 10 Super- 
symmetric Yang-Mills theory. Along this paper we will refer to the A% vector particle as a 
gluon. The tree level scattering amplitude of N gluons with polarizations £i, £2, ■ ■ • , Cn, ex- o 
ternal momenta k±, &2, • • • > and colors a%, 0,2, ■ ■ ■ , ajy, is calculated in Open Superstring 
theory as g| @, [T| 

4 (iV) = i(2TT) 10 5 w (k 1 + k 2 + ••• + %) ■ ^ tr(A ai A a2 . . . A a ")^(l, 2, . . . , N) , (2.1) 

perm' 

where the sum X^perm' ^ s over a ^ non-cyclic permutations of the sets {Ci,/ci,ai}, 
{C2, fe, «2}, • • • , {CiVj ^JV, ojv}j A Qn are the U(n) generators satisfying the relations flC.ip 
and the argument 1, 2, . . . , N of the Lorentz factor ^4(1, 2, ... , iV) is a compact notation for 
Ci) fcij C2> ^2; • • • ; Cat j fcjv- -4(1) 2, . . . , iV) corresponds to the A^-particle scattering amplitude 
of open superstrings which do not carry color indices and which are placed among them- 
selves in the specific ordering {1,2, . . . , N} (modulo cyclic permutations). For example, 
the case of the ordering {1, 2, . . . , N} is shown in figure |l[ The first step of the calculations 
presented in appendix [5] is to express all the amplitudes in the form given by eq. ( |2.1f ) . 
Using the vertex operator formalism, the following expression may be derived for the 



1 The momenta ki are all assumed to be inward in the corresponding scattering process. 
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where 



... 3>i X7 ^2^7 



In ( |2.2p and ( |2.3[ ) the Xj are all bosonic (commuting) variables, while the 6{, together with 
the (pi variables, are all fermionic (anticommuting) ones. There are some remarks about 



eqs. (2.2) and (EO): 



• Equation ( |2.2| ) contains all consistent factors that lead to the A^gluon tree amplitude 
in Yang-Mills theory, in the limit a' — > 0. 2 



• The curious powers of (2a') that appear in eqs. ( P^q ) and are just a consequence 
of a dimensional analysis of the corresponding formula in [p~3| , section 7.3], in which 
the convention a' = 1/2 is used. As will be seen later, the a' expansion of the 
amplitudes contains only integer powers of it. 

• The original amplitude A(l, 2, 3, ... , N) is invariant under OSp(l|2) transformations 
of all the Xi and Qi [i = 1, . . . ,N) jl^]. As a consequence of this symmetry, the 
variables sci, xn-i, xn, Qn-i and #tv> all behave like free parameters (the final 



result does not depend on them). Now, in eqs. (|2.2|) and (2.3), variables x\, xn-i 



and xn have been kept arbitrary, while 0/v-i and #at have been set to 0. 
To guarantee the specific ordering of the superstrings, {1, 2,3,..., N}, the condition 

x\ < X2 < X3 < . . . < xn (2.4) 



should be imposed in eq. (2.2). 



• Although not manifest, A(l, 2,3,..., N) has the cyclic property. 3 

• The external momenta k{ and the polarizations Q in (p.2|) satisfy 



i) Physical state condition: Q\ ■ k\ = C2 ■ &2 = • • • = Cn • kN = 

ii) On-shell condition: k\ = k\ = . . . = k\ = 



(2.5) 



Our convention for the Minkowski metric is the following: 

77^ = diag(- +,+,...,+). (2.6) 



2 In eq. g is the Yang-Mills coupling constant. 

3 The formula in eq. (2.2) comes directly from the corresponding formula in Jl3| , section 7.3], which does 



have the cyclic property. 



3. Review of three and four-gluon tree amplitudes 

As an application of the formula in eq. (^^) we have the well known three and four-point 
amplitudes. In the first case it becomes 

A(l, 2,3) = 2 (2 J? 29/4 (a* ~ si)0c 3 ~ si) x 

x f d9 x \x 2 - xi - 2 x \ 2a ' k2 - kl \x 3 - Xl - 3 0± \ 2a ' k3 - kl \x 3 -X2 - 3 9 2 \ 2a ' ks - k2 x 

^# 2 # 3 e /3(C ' fc ' e ^, (3.1) 



In this case there is no x integration (x±, x 2 and X3 are arbitrary, with the only condition 
x\ < x<i < X3) and we have 2 = #3 = 0. Momentum conservation implies that k 2 ■ ki = 
k 3 ■ k± = k 3 • k 2 = 0, so that A(l, 2, 3) has a simple expression which, after substituted in 
A® leads to pi p| 

o 

= 2ig{2Tr) w 5 w {k 1 + k 2 + k 3 ) x (3.2) 
x ((Ci • k 2 )(C 2 ■ Ca) + (C2 • ■ Ci) + (Ca • h)(Ci " C2)) tr(A ai [A a2 , A" 3 ]) . 

This is exactly the three-gluon tree amplitude, as derived from Yang-Mills theory (see 
eq. ( |D.2| )): it has no superstring theory corrections. Now, for the four gluon tree ampli- 
tude, ( |2.2j ) becomes 

.4(1,2, 3, 4) = 2^- 7 ^(x 3 -xi)(x 4 -x 1 )x 

X [ X3 dx 2 I d0 X d0 2 \X 2 - Xi - 2 1 \ 2a ' k ^ kl |X 3 " XI - 3 0! \ 2a ' k3 - kl |X 4 - XI - 4 0! \ 2a ' k ^ X O 



x |x 3 - x 2 - 3 2 \ 2a ' ki k2 \x A - x 2 - 4 # 2 | 2a ' fc4 ' fc2 \xa ~x 3 - 4 3 \ 2a ' ki k:i X 
x f dfadfodfodcj)^ 4 ^' 9 ^ . (3.3) 



In this case the only x integration is carried over x 2 (where x% < x 2 < x 3 < X4) and we 
also have #3 = #4 = 0. In order to simplify the calculations x±, x 3 and X4 are typically 
chosen to be 0, 1 and +00. After doing the calculations and introducing the Mandelstam 
variables, 

s = -2ki -k 2l t = -2ki -k4, u = -2k% ■ k 3 , (3.4) 
A(l,2,3,4) can be obtained in a closed expression, which, after substituted in A^ leads 

to nig 

A^ = Sig 2 {a') 2 {2^) w 8 w {k l + k 2 + k 3 + k 4 ) x 

} , { , {tr ( A ai A a2 A a3 A a4 ) + tr ( A ai A a4 A as A a2 ) } + 
T(l — as — at) 

+ r [~ a/t \ r ^~ a ^j {tr(A ai A Q4 A a2 A a3 )+tr(A ai A Q3 A a2 A a4 )} + 
T(l — a't — a'u) 
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+ I I |tr(A ai A a3 A a4 A a2 ) +tr(A ai A a2 A a4 A a3 )} 

T(l — a u — a's) 

x K(d, h;( 2 , k 2 ; (3, h; U, h) , 
where the kinematic factor K k\\ C, 2: ^2; C 3 > k^; C4) ^4) is given by 



+ 



(3.5) 



K 



1 

~4 L 
1 

+ 2 S 



1 

+ 2< 



1 

+ 2 U 



*«(Ci • C3XC2 ■ c 4 ) + su(( 2 ■ C3XC1 ■ c 4 ) + «t(& • c 2 )(c 3 • a) 



+ 



(Ci • fc 4 )(c 3 • k 2 )(( 2 ■ a) + (c 2 • ■ fci)(Ci • c 3 ) + 

+ (Ci • fc 3 )(C4 • fc 2 )(C 2 • Cs) + (C2 • • fci)(Ci • CO 

(c 2 • fci)(C4 • hm ■ Ci) + (c 3 • fc4)(Ci • k 2 )(( 2 ■ a) + 

+ (C2 • fc4)(Ci • h)(( 3 • C 4 ) + (Cs • h)(( 4 ■ k 2 )(( 2 ■ d) 
(Ci • k 2 )(( A ■ fc 3 )(C 3 • C2) + (C 3 • h)(( 2 • fci)(Ci • C 4 ) + 
+ (Ci • fcXCa • ^ 3 )(C 3 • C 4 ) + (Cs • fc 2 )(C 4 • fci)(Ci • C2) 



+ 



+ 



(3.6) 



An important thing about A^\ and that does not happen in is the fact that it 

contains an infinite number of higher order corrections in a' . The coefficients of this a' 
expansion can all be determined in terms of the Riemann Zeta function, evaluated in integer 
values. For example, the first term involving Gamma functions in fl3.5|) has the following 



a expansion: 



1 vr 2 



T{-a's)T{-a't) 1 rr , /2 

1 (1 - a's — a't) a' st 



(3.7) 



After substituting this last expression and similar ones for the other terms involving Gamma 
functions in (|3.5| ), the leading term (i.e., order zero in a') in A^ is nothing else than the 
Yang-Mills four-gluon tree amplitude; the first superstring theory contributions to A^ 
begin at order two in oi and they all have a common factor 7r 2 ; the next ones occur at 
order three in a 1 and they all have a common factor C(3), and so on. 



4. Effective lagrangian up to 0(a ) and beyond 



i2\ 



4.1 Effective lagrangian up to 0{a 

Knowledge of the on-shell scattering amplitudes of four gluons is enough to determine the 
effective lagrangian up to 0(a' 2 ). This has been known for a long time Hi to be: 



'(0,2) 



.A 2 2. 



+ ( lira-') z n 2 tr ( — F M2 F M3 F M4 F M1 -I- — F M2 F M3 F Ml F M4 
-r yzna ) g tr^ 24 w ^ 2 M3 M4 12 M1 M2 M4 M3 



J_ p M2 Z? Ml P M4 Z? M3 Z? M2 Z? M4 P Ml p M3 ] Mil 

4g Ml M2 M3 M4 gg Ml M3 M2 M4 J v^ ,J -V 



where the field strength is defined as 



= d^A u -d u A ll -ig [Ap, A v ] . (4.2) 

Here, the index (0, 2) has been used to denote that this lagrangian contains terms of order 
and 2 in a'. No order 1 terms in a' appear. 

4.2 0{a' 3 ) contributions to the effective lagrangian 

As was argued in the previous section, the A^ amplitude receives, beyond 0(a' 2 ), 0(a 13 ) 
and higher order contributions. In fact, using the a' expansion for the Gamma functions 
in A^ (see eq. (3.5)) some new 0(a' 3 ) terms may be derived in the effective lagrangian. 



These would be the D 2 F 4 terms, as may be understood by dimensional analysis. Since 
A^ does not contain any a' terms at all, no D^F 3 terms will be present in the effective 
lagrangian. So, the remaining 0{a' 3 ) terms can only be of F 5 type. To derive them it 
would be necessary to compute the five-gluon tree amplitude, A^ , up to order three in a', 
which is going to be done in section 

At this point, it is important to say, as was already mentioned in the introduction, that 
in the literature there can be found three non-equivalent versions of the 0(a' 3 ) terms of 
the effective lagrangian (see references || and fl(| for a detailed comparison of them) . The 
first of them (jj was derived a long time ago by means of the computation of the five-gluon 
amplitude in Open Superstring theory. The other two versions are recent. One of them 
is derived from the effective action of iV = 4 super Yang-Mills in D = 4 || and the other 
uses deformations of a particular kind of solutions of Yang-Mills theory j|] in any even 
dimensional spacetime. We will see, in the next sections, that our detailed calculation of 
the five gluon tree amplitude A^ matches completely the last of these three versions, due 
to Koerber and Sevrin. Their effective lagrangian, at order 0(a' 3 ), is the following ||: 4 

£ (3 ) = -(2c0 3 2C(3)x (4.3) 
x tr i g 3 FJ« F£ Ftf + i g 3 F»> F» F^ - 

. 3 

" \ F^ F* F^ Ftf - g 2 FJ« (D« F*) [D„ F») + 
y {D* V) iPm V) V V + y V) V iPn F") Ftf - 



+ 



4 



There are two differences in the conventions used by the authors of M and ours: 

They use anti-hermitian matrices as generators of the U(n) Lie algebra, while we use hermitian 



matrices. This implies that in our formulas in equations ( ff ( [4. 2j ) and (4.5), there are some signals 
and i factors that do not appear in their effective lagrangian. 

They introduce the coupling constant g only as a global factor —1/g 2 in the lagrangian, while we 
introduce it in the definition of F^ v , in eq. (|4.2|), and also as powers of it multiplying each individual 
term in the lagrangian. 



where, besides ( |4.2| ), the covariant derivative acting on some field (f> is defined as 

D,,4> = d^(f)-ig{A f „ <j>\. 



(4.4) 



5. Five-gluon tree amplitude in Open Superstring theory 

In this section we develop the main result of this paper, namely, the five gluon tree ampli- 
tude, as derived from the Open Superstring theory. Our formula in eq. Q2.2[ ), in the case 
of five gluons becomes 

A(l, 2, 3, 4, 5) = 2 J 3 43/4 (g 4 - si)(s 5 - si) x 

5 

\2a'ki-k 



Xi Xj Uit/j\ % 3 x 



' cfx 3 / dx 2 / deid6 2 de 3 ]J \ 

xi Jxi J i>j 

0i^2# 3 #4#5e /5(ClA; ' 9 ' 0) , (5.1) 



where 64 = #5 = 0. Starting from this formula and arriving to a final answer, where 
^4(1,2,3,4,5) is an explicit expression of a', the momenta ki and the polarizations is a 
huge task. To save the reader from the very lengthy calculations involved in this task, we 
have decided to present the explicit expression for ^4(1,2,3,4,5), up to 0(a' 3 ) terms, in 



subsection 5.1 and the details of the calculations in the following subsections. 



5.1 Explicit expression for the 5-point amplitude 

Up to C(a /3 ) terms, the final result for ^4(1,2,3,4,5) has the following form: 

vl(l,2,3,4,5) = A(°)(l, 2,3, 4,5) +^(1,2,3,4,5) • a' 2 + (1, 2, 3, 4, 5) • a' 3 + 0(a' A ) , 

(5.2) 

where the terms (1, 2, 3, 4, 5) , A& (1, 2, 3, 4, 5) and A^ (1, 2, 3, 4, 5) do not depend on a'. 
The first of these three terms is nothing else than the Yang-Mills five-gluon tree amplitude, 
whose expression is the following: 5 



(1,2, 3, 4, 5) 



(Ci -C 2 )(C3 • C 4 ) x 

x { (Cs • h)a 23 I — + — + — *— + — *— + 



[pan pa 23 "34</> "23</> "34012 



(Cs • k 2 )a 13 <j — - — + — } + 
'034012 pau 1 

+ (Cs • fes) ( "24 <i — + —7 |> + 

. "34«12 «34<P. 



The complete Yang-Mills five-gluon tree amplitude is constructed from (5.3) using the same rule given 



in eq. (2.1) 



1111 1 

+ «23 < + + r + 7 + 



pa 12 pa 2 3 a U (f) a 23 (f> a 34 a 12 



+ 



+ (Cl-C3)(C2-C4)MC5-fcl)<*23 4— + ' 



+ (C5 ' fc2) (° 34 {^ 



+ 



«23 



(Cs • ^3)012 



1 



P"12 



+ 



«23P 



- ai 3 



— 1 ] 

023<A J 



1 



- (Cs • fe 2 ) — + (Cs • h)a 12 I — ; 



"23P 



«23P 

1 1 



«23P "12P J 



+ 



+ (C 2 • Cs){ (Cs • fci)( (Ci • ^ 2 )(C4 -h)! — + — + — + — + ' 



pai2 /oa 2 3 «34</> a 2 3</> «34«i2 



(Ci-h)(Q-k 2 ) 

+(Cs-fc 2 )( (Cl-fc3)(C4-fcl)- 



1 1 

+ 



«23P "230 



+ 



1 



«23P 



+ 



«24 \ 

a23«34 P«23 "230034 J 

+ (Ci • ^2)(C4 • A: 3 ) <! ^ — ^ — ^ — | — ^— H — ^— +- 



pa 12 pa 23 au4> «23<A a34«i2 



+ 



+ (Ci-fc4)(C4-fc 3 ) <!-*-+ ' 



«230 «340 

-a.v^lRr^Kd-i'i)!— + — } + 

I «23P "12P J 



+ (Cl ■ * 3 )(C4 ■ ^2) 



1 1 

+ 7> + 



023P a 2 3(p 



+ (&-*2)(C4-*2)|— !— + ' 



«13 



\ "23012 0«23 a23P«12 



+ 



+ (Ci ■ fc 4 )(C4 ■ k 2 ) 



a 23 (f> 



+ 



+ (Ci • C 4 )<1 -(Cs • fci)( (C 2 • fe 3 )(C3 • fed) <! — + 1 



1 



«230 ' «34<M ^ 2 ^ 4 ^^ 3 2 ^a23<A + 
+ (C2 • fe 4 )(C3 • fe 4 )^- " (C2 • fel)(C3 • fe 4 )- 1 



+(Cs-fe 4 ) (C2-fel)(C3-fe2 



"34 <P 



ai2"34 



+ 



1 



-(C2-fe 3 )(C3-fel)- 



«23P "12P 



1 



+(C2"fel)(C3-fel) 



«12P 



"23P 



+ 



+ (cyclic permutations of indexes (1,2,3,4,5)) 



(5.3) 



M 

o 
^] 

DO 
O 
O 
N) 

O 
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where a^- = fcj • kj, p = a\2 + «i3 + 023 and = 023 + «24 + «34- ^4 (1)2,3,4, 5) and 
(1, 2, 3, 4, 5) have similar expressions to the one shown in ( |5,3|) for ^(^(l, 2, 3, 4, 5). 
Their explicit expressions are given in appendix ^. As expected, in ( |5.2|) there is no linear 
term in a' . 



5.2 Fixing some of the free parameters in A(l, 2, 3, 4, 5) 



In this subsection we begin the derivation of each of the terms in formula eq. ( |5.2[ ). As 
a starting point we consider ( |5.1| ). Our only aim in this subsection is to simplify a little 
this last formula, after fixing 04 = 0, 05 = 0, and X5 = +00 {x\ and X4 will be fixed to 
and 1, respectively, in subsection |5.4| ). For this purpose it is necessary to expand the 
exp(f^,((, k, 0, 0)) term in eq. (|5.l|) and to do some of the Grassmann integrations. To start 
with, in eq. ( |2.3| ) we have that 



MCM, 



E 



(0i - O^UCi ■ %)(2a') U/4 - 1/2^^(0 • 0)(2a') 9/2 



(5.4) 



'i v 3 



so fa((,k,0,< 
follows: 



and 



After fixing #4 
given by 



A 



+ 



+ 



may be split into two sums, which can be expanded in powers of I/X5 as 
5 



E 



(0i - e^Md ■ ^ 



A + * + o(± 



X5 



X5' 



IE 



OjOjiC, ■ Cj) 



2 " Xi 

1-^3 



X 7 



(5.5) 



(5.6) 



b J X5 \X5 

and 05 = 0, the bosonic terms A, B, C and D in this last formula are 



Ci-fc 2 

Xi - X 2 



x 2 - Xl 
x 3 - Xl 



xi - 

+ 02 



X3 XI - 
C2'fci 
x 2 - X\ 



Xi 



Ci-k 2 
> 

X\ — X2 



Ci-h 



Xl 



X3 - X 2 



+ 3 



X2 - X 3 



+ 



x 3 

C4 • ^3 



I? 



c 



Xi — X\ 

i(Ci • h)<t)i 



x 4 - x 2 

MC2 ■ ks)<j)2 



Xl 



^4 ! 



- x 3 

C2 • &3 

! x 2 - X 3 

C3 • ^4 

X3 - X2 X 3 - Xi 



x 2 - x 4 

C3 • ^2 



+ 



03 - 



X 4 - X 3 _ 
h{(3 ■ h)(j) 3 



0i (Cs • fci) + 2 (Cs • fe) + 3 (Cs • h) 

020l(C2"Cl) 030l(C3"Cl) , 040l(C4-Cl) , 0302^3 "(2) 



X 2 — Xl - C/ 2 fl 
04^2 (C4 • C2) 



+ 



+ 



X 3 - Xl - tf 3 #l 
0403 (C4 ' C3) 



+ 



X4 — Xl 



+ 



X3 - x 2 



+ 



73 ^2 



Xi — X2 Xi~ X 3 

050l(C5 • Cl) + 050 2 (C5 • C2) + 0503(C5 ' C3) + 0504^5 " U) 



(5.7) 

(5.8) 

(5.9) 
(5.10) 



o 
-J 

N) 

o 
o 

o 
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Now, multiplying separately the factors containing x$ in the Y\ term of ( |5.1| ), using the 
on-shell condition ( |2,5| ) and using the sums given in eqs. ( |5.5[ ) and ( ^,6[ ) for the f^{C,,k,9 ,fa) 
term in the exponential, we have that 



2, 3, 4, 5) = 2 5 3 (2a')(^4 - xi)(x 5 - si) x 



(5.11) 



■t'3 



dx 2 / de 1 d6 2 de 3 Yl I 



1 /^2"^7 v/ 

A 



1 



1 - (2a') ( (h ■ k 5 )x! + (k 2 ■ h)x 2 + (h ■ k 5 )x 3 + (h ■ h)x 4 j— + o 
AC 2 , ,,A 3_ 



93«<P4t 



+ 



+ 



2ACD + 



+ (2a 



3A 2 5C + A 3 D 



6 



1 

X5 



+ o 



In this last formula, the term [^j— + (2a') 4h] gives no contribution after the Grassmann 
integration in d^>5 is done, since neither A nor C contain the fa variable. So, after choosing 
X5 — > +oo, eq. ( ^.11| ) becomes 

A(l, 2, 3, 4, 5) = 2 5 3 (2a')(x 4 - x\) x 

4 



'h -h ■ 

1 J X 



/ dx 3 / dx 2 j dB x dQ 2 dQ 3 JJ [a* - Xj - 6^ \ 2a k 

,, (2ACD + BC 2 , „3A 2 BC + A 3 D) 

dfadfadfadfa S ^ ^ " ^ 6 [ 



/ 



(5.12) 



Although #4 appears in the Y\ term of this formula, it is assumed to be 0. So the only free 
parameters in eq. (|5.12| ) are x\ and £4 (satisfying £4 > x{). 

5.3 Calculating the <j> Grassmann integration 



In this subsection we integrate all the fa Grassmann variables appearing in ( 5.12 ). 

i. As a first step we substitute the expressions of A, B, C and D, given respectively 
in (|5.7|), ( |5.8[) , (|5.9| ) and ( |5.10 ), in the first term of the fa Grassmann integration in 
formula (fU2l) . After some steps we arrive to 



b 2 dfad4>idfa 



f 2ACD + 5C 2 



V 



where 

#12345 



-5*12345^1 + #21345#2 + $3214503 

"(^12345 + ^21345 + T 32 i^)6i6 2 9 3 , (5.13) 

(5.14) 



Ci • k 2 | Ci • h Ci-h 



x 2 — X\ x 3 — X\ X4 — X\ 



(Ca • C2XC5 • C 4 ) (C4 • C2XC5 • Cs) , (C4 • Cs)(C5 • C2) 



+- 



X3 - x 2 



X4 - x 2 



xa - x 3 



(2-h 

x 2 - X\ 

Cs-fa 

x 3 - Xi 

_ U ■ fa 

X4 — X\ 

+ (Cs • fa) 



(C 3 -Ci)(C 5 -C4) , (C 4 -Ci)(C 5 -Cs) (C4-C 3 )(C 5 -Ci) 



x 3 - x x 

(C2 -Ci)(C 5 -C 4 ) 

X 2 - Xl 



+ 



X4 — Xl 

(C4-Ci)(C 5 -C 2 ) 

24 — Xl 



Xi - x 3 

(C4-c 2 )(C5-ci: 

X4 - x 2 



(C2-Ci)(C 5 -C 3 ) (C3-Ci)(C 5 -C 2 ) (C3-C 2 )(C 5 -Ci) s , 



X2 - Xl 
(C2-&XC4-C3) 



X 3 - Xl 

(C 3 -Ci)(C4-C 2 ) 



£3 - a^ 2 

(C4-Ci)(Cs-C 2 ) 



(x 2 -xi)(x 4 - x 3 ) (x 3 - xi)(x 4 - X 2 ) (24 - Xi)(x 3 - Xi) 



and 



1 2 345 



(Cs • C 2 )(Cs • C 4 ) f Ci • fa | Ci-fc 3 + Ci • 



X2 — Xl X3 — Xl X4 — Xl 



(x 3 - x 2 ) 2 

(Cs • c 2 )(C5 • Ci) a- fa (C4-Ci)(C3-c 2 ) cs-fci 



(^3 - X 2 ) 2 X 4 - Xl 



(x 3 - x 2 ) 2 x 4 - Xl 



(5.15) 



The coefficients S21345, 5 , 3 2 i45 ) T21345 and T32145 appearing in ( |5.13|) are to be de- 
rived using the corresponding expressions for 512345 and T12345 and interchanging the 
corresponding indexes. 

ii. As a second step we now substitute the expressions of A, B, C and D in the second 
term of the 4>i Grassmann integration in ( |5,12 ). Again, after some steps we arrive to 



(3A 2 BC + A 3 D] 

n — e — } 



(5.16) 



^12345 



+ V12345 



x 2 - Xl 
C4"Cl 



+ ^13245 



Cs " C: 



X 3 - Xl 



+ t/23145 



c 3 -c 2 



+ 



+ V21345 — — — + V32145 



X 3 - X 2 
C4-C3 



+ 



X4 — Xi X4 — X2 X4 — X3 

+ ^12 34 (C5 • Cl) + W 213i (( 5 ' C2) + W 3 1 24 (C5 • Cs) + Zl 234 (C5 • C 4 ) 



#1# 2 #3 



o 
<] 

N) 

o 
o 

o 



where 

£A.2345 



12345 



+ 



C3 -fa C4 ' fa 



X 3 - X 2 X 4 - X 3 

" C3 • fa C4 • k 3 



+ 



X 3 - Xl x 4 - x 3 
C3 • fa _ C4 • k 2 

X 3 — Xl X4 — X2 

(2 -fa C2 • h 



+ 



x 2 - Xl 
(2-h 



x 2 - x 3 
(3 -fa 



C3 • h | C3 ' fa | C3 • fa 



x 3 -x 2 x 3 - Xl x 3 
Cs • fa 



(3- fa | C3 • fa 



C4 • fa 

X4 / X4 — X2 
C4 • fa 



X 3 — X 2 X 3 — Xl X 3 — X4 J X4 

C3 -fa C 4 • fa 



Xl 



x 3 — X 2 X4 — X1 
C2-fa\f ( 3 -k 2 



(Cs • fa 



(Cs • fa)+ 

(Cs-M- 

(5.17) 



x 2 -x 3 x 3 - X 2 
C3 • fa Q 3 -fa 



x 2 - x 4 
(Cs-fci)- 
C3 • fa 



+ C3 • fa Cz-fa 



x 3 - x 2 x 3 - Xl x 3 - x 4 



Cs-fci 

x 3 — x 2 x 3 - Xl x 3 - x 4 / x 2 - Xl x 2 - X3 x 3 - Xl 



C 2 • fa | C 2 • ^3 



(5.18) 
(Cs • fa) - 



-12- 



C2 ■ fa C3 • fa 



1234 



x 2 — a?i 23 - 2 2 
C3 -fa C4 • fa 



+ 



C2 ' fa | C2 " fa | C2 • fa 



^2 — »i ^2 - £3 ^2 



(3 -fa 



+ 



+ 

23 - X 2 X4- 23 
C3 ■ fa U ■ fa 



C3 • fa C3 • fa C3 ' fa 



^4/ x 3 — x l 
C4 • fa 



2 3 - X 2 X 3 — Xi X 3 - X4 J 2 4 - X2 



(Cs • fa) , 
C 2 -fa 



x 2 - X\ 



+ 



x 3 - xi 24 - 23 

C2 • fa C2 • fa 



C3 ' fa_ , C3 • fa , C3 • fa 



x 2 - Xi 
Cs-fa 



x 2 - x 3 
(4 • k 2 



+ 



x 3 - x 2 

C2 • fa 



23 — X\ X 3 — X4 / X4 — X\ 



U ■ fa 



x 2 - £4, 
C 3 • k 2 C4 • fa 



23 — X\ 24 — x 2 23 — X 2 X4 — X\ 



C2 • fa 

x 2 - x 3 



(5.19) 



and 

Z1234 



(,2'fa C2 • fa ( 2 -fa 



x 2 - Xl 

C2 • fa 



x 2 - 23 
Cs-fa 



X 2 - 2 3 2 3 - 2 2 



2 2 - 2 4 
Cl'fa 
2l - 2 2 



C3 • fa 
X 3 ~ X 2 



C3 • fa 
+ — — - + 



2 3 - 2i 
Cl ' fa 



C3 • fa 
2 3 - 24 



C3 • fa Cz-fa | C3 • fa 



^3 ~ X 2 2 3 - 21 
C2 'fa C3 • fa 



21 - 2 3 
C2-fa 



+ 



2l — 24 y 
C2 "fa C3 • fa 



X 2 - Xl 2 3 - 2 2 



2 3 - 2 4 J 2 2 - 2l 2 2 - 2 3 2 3 - 2l 

C2 • fa C2 • fa C2 • fa A C3 • fa 



2 2 - 2i 2 2 - 2 3 2 2 - 24 / 2 3 - 2l 



(5.20) 

Cl - fa 

2l - 2 2 

Cl'fa 
X\ - 2 3 ' 



iii. We summarize the results of this subsection by substituting eqs. (5.13) and ( |5.16|) in 
eq. (|5.12j ). So the expression for A(l,2, 3,4, 5) turns into 



4(1,2,3,4,5) 
2 5 3 (2a , )(2 4 



xi, 



X4 f-X3 

dx 3 I 

XI J Xl 



dx 2 1 ^i^^n 



't v 3 



i>j 



— S\ 23 450i + 5 2 i345^ 2 + S"3 2 145^3 _ (?1 2 345 + T 2 i345 + T3 2 i45)#i# 2 #3 j — 
(2a')<Ui 23 45— — — + £^13245 — — — + £^23145 — — — + ^12345 + 



2 2 - 2i 



+ ^1345 ^ ^ + V3 2 145 



2 3 - 2i 
C4-C3 



24 — 2 2 24 — 23 

+ ^3124(C5 • C 3 ) + ^1234^5 ' C 4 ) W 2 #3 



2 3 - 2 2 2 4 - 2l 

+ Wi 234 (C5 • Cl) + W 213 4(( 5 ■ C2) + 



(5.21) 



where all the S, T, U, V, W and Z coefficients are bosonic and known (they depend 
on Xi, fa and Q). 

5.4 Calculating the 9 Grassmann integration and deriving the final expression 

for 4(1,2,3,4,5) 

In this subsection we integrate the 6% Grassmann variables and we then fix 21 and 24, 
arriving to the final expression for 4(1,2,3,4,5). As an intermediate step, to clear out 
any confusion with the lengthy expression involved, we consider some specific terms of the 
scattering amplitude, showing how their coefficients are obtained. 



EE 
o 

N) 
O 
O 
[\3 

O 
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i. We start expanding the Y\ factor appearing in ( 5.21 ) as 

4 



n 



3 



(5.22) 



HiXi-Xj) 20 "**' 



i>j 



,f (k 2 - MM , (^3 ■ W , (fc 3 • W 

1 - 2a <; 1 1 



x 2 - Xl 



£3 - £2 



x 3 - xi 



After substituting ( |5.22| ) in ( |5.2l| ) and then integrating over 9\, 9 2 and #3, we have 
that 



4(1,2,3,4,5) = 
2g 3 (2a')(x i -x 1 ) / dx 3 / dx 2 J[( 

J X\ J X\ 

^12345 + ^21345 + ^32145 + 



(5.23) 



/ 2a /x / (&3 • fc 2 )>S'i2345 (^3 • fcl)'S l 21345 _ (jg ' fe l ) ^32145 ^ 

■'■> -''I / 

+ ^23145 — — — + 



^3 - X 2 



(2a) { f/12345 ^ — + f/i3245 



X 3 - Xi 

Cs-Ci 



+ 



x 3 - Xi 



^3 - x 2 

Q-<3 



+ ^12345— — — + ^21345— — — + V32145 

X4 — X\ X4 — X2 X4 — X3 

+ VFl234(C5 • Cl) + W 2 134(C5 ■ C2) + ^3124^5 " Cs) + ^1234 (Cs " CO 



ii. Now, using the expressions for the S, T, U, V, W and Z known coefficients, given in 
the previous subsection, we can see in (|j[2g ) that 



The first curly bracket is the one responsible for terms of the type 

(Ci • CjXCfc ■ 0)(Cm • K) x {kinematic factor} , 
in the scattering amplitude. 



(5.24) 



The second curly bracket is the one responsible for the remaining terms of the 
scattering amplitude, which are of the type 



(Ci • CjXCfc • k)(Cm ■ k n )(C P ■ k q ) x {kinematic factor} 



(5.25) 



We will denote the resulting integrals of each curly bracket as I((.n 3 ((-k) an d ^(C-C)(C-^) 3 ' 
respectively. As an example, we will look for the scattering amplitude terms which 
contribute as (Ci • C2XC3 ' C4XC5 ' ^i)- They will be found only in the first curly bracket, 
as part of the ^(£-C) 2 (C-fc) integral. It turns out that these terms only appear in four 
of the six S and T coefficients, in the following way 

c . (Ci • C2XC3 ' C4) f/ , , \ 

>->12345 —* +7 T7 r • 1^5 • ftlj 

(x 2 - xi)(x 4 - X 3 ) 



o 
-J 

N) 
O 
O 
[\3 

O 
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5*21345 - '■ 
5*32145 - 
3*32145 



(Ci-C 2 )(C 3 -C4) . (Cs . h) 
(Ci-C 2 )(C3-C4) . (Cs . fcs) 

(sc 2 - xi)(ac 4 - x 3 ) 

(Ci • C2XC3 ■ C 4 ) (Cs-M 



(x 2 - Xi) 2 X4 - x 3 ' 
So their contribution to A(l, 2, 3, 4, 5) is given by the integral 

I (Cl<2)(C3<4)(Cs-fei) = 



(5.26) 



2 9 3 (2a')(x 4 - „) £ ,,3 £ *, II - ,,)~M, J^gi^ 



2:3 - ^2 



{2a'){k 3 -k 1 ) 



X3) 



x 3 - Xl 



£ 2 - SCl 



(Cs • fc 3 ) 



x 2 - Xl 

which can then be written as 

J (Ci-C 2 )(C3<4)(C5-fci) = 2g 3 (2a')(x 4 - si)(Ci ■ C2XC3 ■ Ci) x 



(5.27) 



2a'L 2 • (k 2 ■ k 3 )(( 5 • fci) - 2a'L 3 ■ (h ■ k 3 )(( 5 ■ k 2 ) + 



+ (2a'(h ■ k 2 ) - 1)L 5 ■ (Cs • h 



(5.28) 



Here, L 2 , L 3 and L5 are part of a list of known kinematic factors (double integrals 
which depend in a' and the momenta kj) given in subsection A.l of appendix [A]. 6 
We now reconsider eq. (5.23) and fix there x\ = and X4 = 1. Carrying over there 
the same procedure already done in this subsection for terms of the type (Ci • C2XC3 ' 
C4XC5 ' ki) x {kinematic factor} , but for every term of the type ( |5,24| ) and every term 
of the type ( |5.25[ ), we finally arrive to five-point amplitude: 



4(1,2,3,4,5) 



f\2 



2^ (2a') 



(Ci • C2XC3 • C 4 ){(C 5 • h)(k 2 ■ k 3 )L 2 - (C 5 • k 2 ){k x ■ k 3 )L 3 
+ ■ h) {(k 2 ■ h)L 3 ' + (k 2 ■ k 3 )L 2 )} 

+ (Ci • C3XC2 • C 4 ){-(Cs • h)(k 2 ■ k 3 )L 7 + 

+ (Cs • k 2 ) ((k 3 ■ U)U ~ (k 2 ■ k 3 )L 7 ) 
-{^■k 3 )(k l -k 2 )L l ] + 

+ (Ci • C4XC2 • C 3 ){(Cs • h) {(k 3 ■ k 4 )K 4 ' - (h ■ k 3 )K 5 ) - 



+ 
+ 



In subsection A.l, xi and 24 have already been fixed to and 1, respectively. 



+ 



+ 



- (Cs • h)(h ■ k 3 )K 5 + (c 5 • h)(h ■ k 2 )K 4 } 

(C2 ' C 3 ){(Cs • h) ((Ci • ■ h)L 2 - (Ci • A: 3 )(C 4 • k 2 )L 7 ) + 

+ (Cs • fc 2 )((Ci • h)(u ■ h)K 5 + (Ci • h)(u ■ k 3 )L 4 ' + 

+ (Ci • k 2 )(( 4 ■ k 3 )L 2 + (Ci • h)(( 4 ■ k 3 )K A ') - 

- (Cs • *&)((& • fc 2 )(C 4 • h)K 4 + (Ci • h)(( 4 ■ k 2 )L 7 + 

+ (Ci • k 2 )(( 4 ■ k 2 )U + (Ci • M(C4 • k 2 )K^ } 4 
+ (Ci • C 4 ){(Cs • k 2 ) ((C 2 • fci)(Cs • M^2 - (C2 • • fci)# 3 ) - 

" (Cs ' fcl)((C2 • M(C3 • fcW " (C2 • ^ 4 )(C3 • fcW + 

+ (C2 • • k A )K x ' - (C2 • fci)(C 3 ' k 4 )K 2 ) + 

+ (Cs • fc 4 )((C2 • fei)(Ca ' + (C2 • fciXCa • - 

- (C2 • k 3 )(( 3 ■ ki)K 5 - (C2 • ^XCs • h)K 3 ) } + 



+ (cyclic permutations of indexes (1,2,3,4,5)) 



(5.29) 



The Ki, Ki , Li and L/ kinematic factors in this formula are all detailed in subsec- 
tion A.l of appendix |A|. Once again, they depend on a' and the momenta ki (they 
do not depend on the polarizations Q). 

In deriving ( 5. 29] ) from fl5.23 ), we have used the cyclic property satisfied by the open 
superstring tree level amplitudes, mentioned in section |2[ 

The complete on-shell five gluon tree amplitude, , would be obtained from 
eq. ( 5.29| ) by using the rule given in eq. (2.1). 

Expression ( |5.29D is exact in the sense that there is no a' expansion in it: besides the 
(2a') 2 factor in the beginning, the rest of the a' dependence comes all in the kine- 
matic factors. These factors may be expanded in an a' series to any desired order. In 
appendix [A], an a' expansion of these factors is done up to linear terms in a', which 
is enough information to derive, afterwards, the tree level scattering amplitude up to 
0(a' 3 ) terms, as presented in subsection |5.1| , in eq. ( |5.2[ ). 

At a first look to eqs. djg ) and (HI) there may seem to be some trouble when 
comparing the (Ci • C2XC3 ' C4XC5 " ki) terms of each, because for them to be equal it 
would be necessary to have 



(2a' • k 2 ) -1)L 5 = 2a' ({k 2 ■ k 4 )L 3 ' + (k 2 ■ k 3 )L 2 ) 



(5.30) 



This last formula is valid indeed and it is part of a set of relations among the kinematic 
factors contained in subsection A. 2 of appendix 



6. Final remarks and conclusions 



In this paper we have derived the open superstring five-point amplitude of massless bosons 



(eq. ( 5.29Q ). We have also derived its a' expansion up to 0(a' s ) terms (eq. (|5.2[) ), finding ex- 
plicit expressions for the first three non zero contributions to this expansion: (1,2, 3, 4, 
5), A( 2 )(l,2,3,4,5) and A^ (1, 2, 3, 4, 5) 7 (given respectively in eqs. Q, (pll) and (gg)). 



As far as we know this is the first time that the on-shell five-point amplitude has been com- 
pletely calculated up to order three in a' . We have used the different order contributions of 
the five-point amplitude to analyze the gluon effective lagrangian up to C(a' 3 ) terms. The 
(1, 2, 3, 4, 5) and ^ 2 )(1, 2, 3, 4, 5) contributions confirm the gluon effective lagrangian 
up to 0(a' 2 ) terms (given in eq. (|4.1|) ): this has been considered in appendix |FJ (see the 
final paragraph). 

The 0(a' S ) contribution to the effective lagrangian, £(3), deserves some special at- 
tention, since three non-equivalent versions of it have been published in the literature 
(@> §1 an d |§)- 8 The three versions agree in the D 2 F terms and only differ in the F 5 
terms [||, [1C[] . Now, the D 2 F 4 terms can be directly derived from the four-point ampli- 
tude A^ expanded up to 0(a' 3 ) terms Q (see eqs. Q and Q). In fact, we have 
confirmed in appendix |TJ that the D 2 F A terms of £(3), given in eq. (|4.3j ), give a four-point 
amplitude that agrees with the corresponding one obtained in Open Superstring theory 
(see eqs. ( D.10| ) and ( D.ll| )). So, from a scattering amplitude approach, the real impor- 
tance in the computation of a five-point amplitude lies in the determination of the F 5 
terms. A^ (1, 2, 3, 4, 5) turns out to be of crucial importance in this last purpose. Using 
its expression we have found complete agreement with the five-point amplitude coming 
from the £( 3 ) lagrangian in eq. ( f4.3| ), due to the authors of |8| (see appendix |D|). It should 



be mentioned that this lagrangian had also passed a test done in [10] by the same au- 
thors. 

So, our main conclusion agrees completely with the one in (8|, namely, that the 
bosonic terms of the non-abelian Born-Infeld supersymmetric lagrangian, up to 0(a' 3 ), 
are given by 9 

C = -\tr{F^ 2 F^) + 



+ (2vra') 2 g 2 tr 



(2a') 3 2C(3)tr 



J_ p M2 P C3 p W p Ml J Z7 M2 rp M3 Z? Ml Z7 M4 _ 

24 'ft ± M2 M3 ft 12 Ml M 2 ^ 4 A*3 

Z7 M2 77 Ml 77 ft Z? M3 Z? M2 Z? M4 Z? Ml 77 M3 

48 ^ ^ 2 ^ 3 w 96 ^ 1 ^ 3 ^ 2 ^ 4 



; „a z? ft 77 M3 z? ft p Mi Z? ft _i_ „J p C2 p W p W p Ci p M' 

y 1 ^1 x /x 2 1 ft ft. M4 ~ ' y ft ft M2 ft M3 

i 

_ g p /12 p C3 p p fl p W _ 

2 Ml M2 M4 M3 M5 

- <? 2 F M f (L^ (D w F M f ) F^f + 



7 The A^ 1 ' (1, 2, 3, 4, 5) term, that would give the order one contribution in a', turns out to be exactly 
zero. 

8 In J8| a detailed comparison among the three versions has been done, concluding their non equiva- 
lence. 

9 There is a misprint in equation (5.1) of E3], which contains the complete effective lagrangian up to 
0(a' 3 ) corrections: some terms have an additional factor 1/4. 



+ y V) (D w F^) F,f F M f + 

4- ^_ f HMi P M3 \ z? f f) p fii\ p A»s _ 

+ 2 V ^2 J ^(US l^Ml ^^3 J r V4 

a 2 

" J V) V {D^ Ftf) + 
+ 9 2 (D^ F M f ) F^f (DW F M f ) F M f 



(6.1) 
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A. Kinematic factors 



A.l List of kinematic factors 



EE 



[v> 
o 
o 

L\3 



The Ki, Ki', Li and L{ kinematic factors, present in eq. ( 5.29| ), are all defined as double 
integrals of the form 

f 1 dx 3 f * dx 2 xl a '^(l - * 3 ) 2a ' a34 Z2 2a ' ai2 (l " X2) 2a '^(x 3 - X 2 f a '^ ■ { X , 

Jo Jo ~ ' lA(x 2 ,x 3 )J 

(A.l) 

where 

ctij = ki ■ kj (A.2) 

and where the specific functions k(x 2 , x 3 ) and A(x 2 , x 3 ), associated to each of the kinematic 
factors, are given in table |l] 



k(x 2 ,x 3 ) 


Kinematic Factor 


A(x 2 ,x 3 ) 


Kinematic Factor 


1/{x 2 ■ x 3 } 




l/{x 2 • (1 - x 2 ) ■ x 3 } 


Li 


l/{(l-x 2 )-(l-x 3 )} 




1/{(1-X 2 )-X 3 -(1-X 3 )} 


U 


l/{x 2 • (1 - X 3 )} 


K 2 


l/{x 2 • (1 - x 3 ) ■ (x 3 - x 2 )} 


L 2 


l/{(l-x 2 )-x 3 } 


K 3 


l/{x 2 • x 3 • (1 - x 3 )} 


L 3 


l/{x 2 ■ (x 3 - x 2 )} 


K A 


l/{x 2 -(l-x 2 )-(l-x 3 )} 


u 


1/{(1 - X 3 ) ■ [x 3 - X 2 )} 


Ki 


l/{x 2 • (1 - x 2 ) • (x 3 - x 2 )} 




l/{«3 • (X3 ~ X 2 )} 


K 5 


l/{x 3 • (1 - x 3 ) • (x 3 - x 2 )} 


U 


1/{(1 - x 2 ) ■ (x 3 - X 2 )} 


K 5 ' 


l/{x 2 2 -(l-x 3 )} 


L 5 


l/{(x 3 -x 2 f} 


K 6 


l/{(l-x 2 )-x 3 2 } 


U 






1/{(1 - x 2 ) ■ x 3 • (x 3 - x 2 )} 


L 7 



Table 1: List of kinematic factors. 
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A. 2 Relations among the kinematic factors 

These integrals are not all independent. There is a duality operation * that interchanges 
some of the among themselves as follows, 

a\2 <-> «34,ai3 «24 and 023 *-* «23 , (A. 3) 

and such that every primed kinematic factor can be obtained from the corresponding non 
primed one by means of the duality operation: 

Ki' = *{Ki}, Li'=*{Li}. (A.4) ^ 

The kinematic factors A 2 , A3, Kq, L 2 and L-j are self-dual: 

M 

K 2 = *{K 2 }, A 3 = *{A 3 }, A 6 = *{A 6 }, L 2 =*{L 2 }, L 7 = *{L 7 } . 

(A.5) 

The formulas in eqs. ( |A.4| ) and ( |A.5| ) can easily be proved by first changing the order of 
integration in the double integrals and then doing the substitution x 2 — > 1 - x 3 , x 3 —> 
1 — X2- There are also some additional relations which can be proved using integration by 
parts: 

«34A 2 = a\ 3 K\ + 023^4 
«24A 3 = «i 2 Ai - a 23 A 5 
(2a'a 23 - 1)A 6 = 2a (a 3 4A 4 ' - ai 3 A 5 ) 

Ot\ 3 L\ = 034-^3' — 023-^4' 

(2a'ai 2 — 1)L 5 = 2a (0.2^3 + a 2 3-L 2 ) 

(2a'a 13 - 1)L 6 = 2a' (a 3 4^i' - 023^7) • (A.6) 

A. 3 Explicit expression for the kinematic factors up to O(a') terms 

A matter of quite interest is to have an a 1 series for all these kinematic factors, since 
this allows to have the superstring corrections to the Yang-Mills five-gluon tree amplitude, 
.A^ 5 ), at different orders in a'. At least this is desired to be done up to O(a') terms, 
since this is enough to obtain the effective lagrangian up to C(a' 3 ). When looking for the 
a 1 expansion of the kinematic factors, some care must be taken with some of the double 



integrals, because they need to be regularized. In the list given in subsection A.l this 



is necessary to be done with Kq and L5. The third and fifth relations in (A.6) assume 
that this regularization has been taken into account. After this regularization has been 
done, any of the kinematic factors listed in the tables may be calculated in terms of Beta 
functions and the Hyper geometric function 3_F 2 , as was done in [JjJ. From this kind of result, 
in principle an a' series can be obtained. We prefer, instead, to do a formal a' expansion 
for each kinematic factor in a different way. As an example we will show our procedure for 

Li= / dx 3 xl a ' ai3 -\l-x 3 ) 2a ' a:i4 / dx2X2 2a ' ai2 - 1 (l-x 2 ) 2a ' a2i - 1 (x 3 -X2) 2a ' a23 (A.7) 
Jo Jo 
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We start making the substitution x 2 = u ■ x 3 in the inner integral (so x 3 acts as a constant 
in it), leading to 

L x = dx 3 xl a ' p -\l-x 3 ) 2a ' a34 ^ 2Q ' Ql2 - 1 (l-u) 2a ' a23 (l-nx 3 ) 2a ' Q24 - 1 , (A.8) 
Jo Jo 

(A.9) 



where 



P = "12 + «13 + "23 



Now, in (A.8) L\ may be written as 
Li = B(2a'p, 2a'a 34 + 1) • B(2a'a u , 2a'a 23 + 1) + 



(A.10) 



+ J dx 3 xl a ' p - l {\ -x 3 ) 2a ' aM J duu 2a ' ai2 - l {\- u) 2a '° 2S {(1 - ux 3 ) 2a ' a2i - 1 - l} 



(where B(\,(i) is the Euler Beta function), such that the double integral I does have a 
well defined power series in a'. Since the a' expansion of the Beta functions that appear 
in ( A. ICQ is known, the only thing that is missing is the series in a' for the integral term, 
which can be written as 



1 r l 

dx 3 







du 



+ (2c/) 



l~ux 3 
1 



+ 



p \ I dx 3 ln(x 3 ) J du 
Jo 



+ a 34 <! / dx 3 ln(l - x 3 ) 
I-UX3J [Jo 



J 1 - ux 3 J 



, ,n f 1 l n (u) 
+ n 1 2 { I ''•'':! y </» 



. + "23 
I-UX3) {j 



, , ln(l — u) , 
dx 3 I du^ J> + 



u(l — ux 3 ) 



+ "24 



1 dx 3 f , ln(l — ux 3 ) 



du- 



x 3 J u(l - ux 3 ) 



+ 0(a' 2 ) 



(A.H) 



Each of the double integrals that appear in ( A.ll| ) can be calculated in terms of £(2) = 7r 2 /6 
and C(3), where (,(z) is the Riemann Zeta function. 10 The result is the following: 



/ = + 2a' [-C(3)p - 2C(3)a 34 - C(3)«i2 - 2C(3)a 23 - 2C(3)a 24 ] + C(a' 2 ) 
o 



(A.12) 



Now, using the a' expansion for / and the one for the Beta functions appearing in ( A.. ICQ , 
in that equation we finally have that 



Li 



71" . 



CX34 CV23 



+ 



(2a') 2 1 p ■ ol\2 J 6 [ a\i p 

, o/Vq\ I / o o o , «34 , «23 , "23 • «12 , P • C*34 1 . 

+2(,(3)q; < -/9-2a 3 4-ai2-2a23-2a24 H — — H H 1 f +C( 

I «i2 P p ai2 J 



/2\ 



10 The interested reader can find a very nice method to calculate all these integrals, and more complicated 
ones, with the aid of Harmonic Polylogarithms and the harmpol package, that uses computer language 
FORM El. 



o 
-J 

o 
o 

o 
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Doing analogous procedures to this one and using the relations among the kinematic factors, 
given in subsection |A.2 , we obtain the following list: 



K 3 
K 4 



A, 



(2a 



^2 



P ■ «12 



7T- 



+ 2C(3)a / <^ -a 24 + 



1 



(2a') 



1 



"12 



«34 023 
"12 P 



+ 



+ 



«12 



7T 

6 ^ o | 

ai2 • 



+ 



P 

"23 



+ 4i + «l3 i + C(a /: 



"12 



P 



• «34 

+ 2C(3)a'|-ai 3 + 

i r i i 



+ 



«12 • «34 



«34 
_2 



"34 ' «23 «12 , a 23 



^ «12 «34 



«34 
«24 
«34 



+ 0(a 



(A.13) 



(A.14) 



(2a') 2 

+ 2 C (3)a' {2a 24+ ^ + ^ + ^ + ^+2 
I ai2 a i2 a 34 a 34 

+ 0(a' 2 ), 



+ 



«23 • «24 | «12 • «23 | «12 • «24 



«34 



a 34 



a 34 



7T 



~~ - 2C(3)a' {p + 2a 23 + 2a 34 + a 12 + a 24 } + C(a' 2 ) 
b 



+ 

(A.15) 
(A.16) 



1 



(2a 



A2 



1 



1 



+ 

p • ai2 p • a 23 

,2 



7T 



024 «34 "12 «23 "34 
a 2 3 «23 P P "12 



+ 



+ 2C(3)a'<ja 24 4 
+ 



a 

«23 
P • «34 



24 , Q «34 • «24 «34 ' P 2 «12 ' «23 a 34 , a 12 , P ' a 24 | 



1 



1 



«23 



+ 



«23 "12 

44)+o(«' 2 ), 



p 



"23 



«23 



P 



1 



(2a') 2 \<f>-au 4>- «23 

( 2 
+ 2C(3)a'^ ai 3 + ^ + 2 

I «23 



«12 
2 



(A.17) 



"13 «12 034 Oi2 
"23 "23 "34 



+ 



«34 



+ 



"23 



«12 • «13 "12 ■ 

"23 

2 n,2 
23 _|_ ffl2 

/> a 34 



2 «34 • «23 «jg , «34 



+ - 



• ai3 



"23 



"23 



+ 0(a' 2 ), 



(A.18) 



(2a 



M2 



«23 • P 



7T~ 

y 

v 2 



«34 "12 "24 



«23 



P 



«23 



+ 



+ 2C(3)a' 2a 24 + ^ + ^1 + 

I P «23 "23 

+ 0(a' 2 ) , 
(2a') 2 \a 23 -0 



P • «34 P • «24 o a 3 4 ' Q24 , «12 ' «23 , «24 



+ 2C(3)a'|2ai 3 + 



vr 2 


r«i2 


6 


\a23 


«34 


"23 






«34 "13 
"23 



+ 0(a' 2 
1 

(2a 7 ) 2 



P ■ "12 



+ 



7T 



+ 



«34 

ai2 



> • «12 

"23 

_ 2®t 
P 



+ 



«23 

+ 

• «13 

«23 



"23 



+ 



«23 

(A.19) 



2 «12 • «13 | "34 ' «23 | "13 . 

a 2 3 <t> «23 

(A.20) 



+ 



o 
-J 

N) 
o 
o 

[\3 
O 
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o /Jo 1 O "34 , «23 , "23 '"12 P ■ "34 

+ 2(,(3)a < -p - 2a 34 - ai 2 - 2a 2 3 - 2q 2 4 H — — H -H h 



"12 



"12 



+ 0(a' 2 
1 



+ 

(A.21) 



(2a') 2 U • aw 
+ 2C(3)a' 

+ 0(«' 2 ) • 
1 



1 



+ 



7T 

+ Y 

2«i2 

1 



1 - 



"12 "23 



"34 
a 34 - 2a 2 3 



+ 



2 2 



2a 13 + ^ + ^ + 
"34 <P 



"23 • "34 | • "12 



+ 



+ 



1 



+ 



+ 



1 



(2a 1 ) 2 \ p ■ a 12 ' <f> ■ a 3 4 p • a 2 3 </> • "23 "12 ■ "34 . 

_ Oil _ ^34 _ "34 P "23 P <*23 _ ^23 _ ^24 

"34 "12 "23 "12 4> "23 P "34 "34 



+ 2C(3)a' 



"12 



, + 3a 24 + ^ + ^3 + i^ + ^4+i!34 + ^ + i ! 12 + i ! 23 + 
"34 P "12 "12 "23 <P P "34 



at 



Qq 



Q'5 



"24 
"23 

a: 



"34 

(A.22) 

"12 _ "j?4 _ 
P 

+ 

2 

a 



+ 



a 



23 | "24 1 ® 



2 n 2 
24 1 P 



"34 "23 "23 



+ p P • "34 2 P • "24 2 "24 • "34 



"23 



"23 



"23 



«12 • "23 . "12'"23 . P-"34 . "12'"24 . 
■ Z \- Z \- Z h z h 



+ 2 a24 " a23 +2 



"34 

"34 • "23 



"34 



"12 

+ 0("' 2 ) 



"34 



(A.23) 



(2a 



,/\2 



1 



■ + 

P • "12 "34 • "12 



7T" 

~6~ 



"23 C^23 _P_ "34 "j24 
"34 P "12 "12 "34 



+ 



+ 2((3)a < a 2 4 H — — + 2 



P ' "34 "12 • "23 < > 

~r Z ~r t 



34 



a 



23 



"34 
"12 • "23 



"34 



"12 
„2 „2 



"12 P 



1 



(2a') 2 U • "34 



"34 



+ 



,/2n 



"12 • "34 

,2 



"34 "12 J 
2 J"j23 , "23 , <t> , "12 



"34 



(A.24) 



7T 



"13 



6 [tti2 (f> "34 "34 "12 



+ 



+ 2 C (3)a^ a 13 + ^ + 2^^ + 2^^ + ^i^ 2 ! + 



a 

"12 



6 ■ a 12 



a 



"34 • "23 



"12 
"34 • "13 



"34 



12 
"34 



+ 



a 



23 



+ 



a 



"12 



"12 



"12 "34 



/2\ 



(2a') 2 
^ 2 



1 



+ 



1 



"13 



"23 - <P "23 - "12 "23 1 P ' "12 

"13 _ "34 _ "34 _ "_L3 _ "_L2 0_ 

p ai2 "23 "23 "23 



+ 



(A.25) 
(A.26) 



+ 



+ 2C(3)a'^ 2ai 3 + 



"34 • "23 "13 • "12 . "34 ■ "23 . "13 • P . "13 " "12 



4> 



+ 



"12 



+ 



"23 



+ 



"23 



+ 



"23 ' "13 2 «34 • "13 3 "34 ; "13 ^ "13 ' "24 ^ ; "12 



+ — + 

"23 



"34 + "34 



"12 "23 
"13 ' P ' "34 
"12 "23 • "12 



"23 

"34 • "13 a?2 
"23 • "12 "23 



"23 



+ 0{a 



/2^ 



v = ,AJ— +— — — \ + 



(2a') 2 I 



"23 • P "23 ' "34 "23 ' <P ' "34 



7T 2 f «24 "12 "12 "24 "34 P 
6 \ p a 34 «23 "23 "23 

. w x /L . "12 ""23 "24 " "34 . "12 ' "23 . "24 • 4> , &24 ' "34 

+ 2C(3)a < 2o!24 H 7 1 1 1 

I P 9 "34 "23 "23 

"23 ' "24 , "12 • "24 , Q "12 ' "24 , "24 ' "13 , P ' "34 , p 2 

<P "34 "23 "23 "23 "23 

| "12 | a\ 2 g 2 4 ; <P ; «12 | "12 ; ajj | «34 1 ; gVq,^ (A 27) 

P "34 "23 • "34 "23 " "34 "23/ 

L - 1 ( 1 1 1 ] 71-2 f" 34 1 g 1 " 34 1 " 12 1 " 24 ] 

(2a') 2 \ p ■ a 2 3 • "23 J 6 \ «23 "23 4> P "23 J 

+ 2 C (3)a'{2a 3 4 - 2a 12 + 2a 24 + 2 P + +2 < + A + ^ + t^ll_ 

{ <p a 2 3 "23 9 "23 

_ "34 ' ^ 2 P • "24 2 P • "34 _ "12 ' Q!24 _ "34 ' "12 ^ "34 ; "24 
"23 "23 "23 "23 "23 "23 

+ 023_o i 2 + a 2 1 + a| 1 l 

P P "23 J 



ISJ 
O 
O 

"23 + "24 + "34 • (A.29) 



Besides the a^- and p variables, respectively denned in eqs. ( |A.2j ) and (|A.9[ ), the <fi variable 
appearing in many of the kinematic factors is defined as 



On this list, the expressions for Kq, L§ and Lq have been omitted since, using the relations 
in (A.6), they can be directly obtained in terms of kinematic factors that do appear on 
the list. In fact, using these relations, Kq, L5 and L§ have been already eliminated in the 
expression for ^4(1,2,3,4,5) that comes in ( [5.29 ) . A remarkable fact, present in every 



kinematic factor, is that there is no 1/a' contribution to it. 



B. Contributions to the five gluon tree amplitude, at higher orders in a' 



Using the explicit expressions of the kinematic factors (up to 0(a') terms) given in the 
previous subsection, and substituting them in eq. ( 5.291) , leads directly to the expressions 
of A(°)(l,2,3,4,5), AW (1,2, 3, 4, 5) and ^( 3 )(1, 2, 3, 4, 5) of eq. ( |5.2| ). Since the expression 
for Aw (1,2, 3,4, 5) was already presented in eq. ( |5.3| ), here we just give the following 
expressions for yl( 2 )(l, 2, 3, 4, 5) and ^( 3 )(1, 2, 3, 4, 5): 



2„3 



^(1,2,3,4,5) = ^ 



(Ci ■ C2XC3 ■ C4) (C5-fci)a 23 



024 
«34 



«23 P_ 

«34 OLyi 
«23 , 



Ol2 _ 

C*34 
C*34 



«34 
"23 



P 

«23 



034 _ «23 
«12 P 
«24 Ol\2 " 
Q!23 P 



- 23 - 



- (C5 • fc 2 )ai 3 
+ (C5 • k 3 )a 24 
+ (C5 • ^3)^23 



"23 


"23 


P 


"34 


"24 


«34 


P 


"12 


Q!12 


"34 




"12 


"23 


"23 


"13 






"12 




"12 


"24 


"23 


P 


"12 




0:34 


a 34 


"12 


a 34 





+ 



"23 1 _ «34 _ «34 _ 023 
4> "12 P 



+ (Cl-C3)(C2-C4)|-(C5-fcl)a 23 

+ (C5 • ^"34 <{ I - 
- (C5 ' ^2)^23 



a 34 p a 2 A "12 

"23 "23 "23 P 

"34 _ "34 P "24 _ "12 

4> "23 "23 "23 P 
"12 _ <^23 1 _ 
"34 J 

"34 _ <^34 P ^24 _ "12 1 

4> "23 "23 "23 P J 

-(Os-*»)aiJl-^-^}} + 
I "12 P J J 

1 ^ /- v/- ^ 1 ^ f a i3 "12 "34 "23 "12 1 

+ (Cl ' C4j(C2 • CsK (C5 • fci)" 3 4 <^ 7 7 ? ~ 

L L "23 "23 <P "34 J 

- (C5 ' fcl)"l3 

- «5 ' fc 2 )"l 3 



+ 



"34 



+ (C5 ' fc 3 )"i2 



+ 



){(CB-fe)( 



(C2-Cs) (C 5 -fc 2 ) (Ci-fc 3 )(C 4 -fci) - 



"12 "24 

"23 P "23 

"34 "12 "24 

"23 P "23 

"24 _ Ct34 _ "12 
"23 "23 
"34 "12 



_ ^21 
P P 

"24 



"34 
"12 



+ 



"23 



"23 



+ 



+ (& ■*&)(&• fc) 



"12 ! 


"24 


P 


"34 


"24 "12 


"34 




"23 


"23 


"23 P 


"24 


"23 


P _ 


"12 




"34 


"34 


"12 


"34 





+ 



+ 



+ (& •**)(&• fc 3 ) 

-(C6-*3)((Cl-*2)(C4-fcl){ 

+ (d ■ h)(( 4 ■ k 2 ) 



"23 ^ _ ^34 _ "^34 _ <^23 
4> "12 p 

"34 P "-24 _ "12 ~~ 

"23 "23 "23 P 
"13 _ <^12 _ 0^34 _ Q!23 _ Ctl2 
"23 "23 4> "34 

"24 "34 "12 "23 "34 
"23 "23 P P "12 

"34 _ "^34 P "-24 _ "12 

"23 "23 "23 P 



, ,> , w> , x 1 "34 "34 . "13 9 "13 

+ (Cl • ^)(C4 ' k 2 ) <i — + 

"12 <P P "23 "23 



"12 

"23 



+ 



+ (& •**)(&• fc) 



"12 
"23 



"34 



"13 
"23 



o 
^] 

DO 
O 
O 
N) 

O 
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"24 "23 



"12 



"34 a 34 Qi2 "34 
"12 



"23 ^_ 034 _ 034 _ "23 



(Ci-fc 3 )(C4-fc 2 ) 



){-(C5-fcl)( 



+ (Cl • C4) HC5-fcl) (C2-fc 3 )(C3-fc4) 



(C5-fc 4 )^(C2-fcl)(C3-fc2) 

+ (C 2 -fci)(C 3 -fci) 



a 34 


P 


"24 


"12 


"23 


"23 


"23 


P 


"34 


"34 


P 


"24 


<\> 


"23 


^23 


"23 


"13 


"12 


"34 


"23 


"23 


"23 


<P " 




Q!12 


"34 


"13 ' 




"23 


4> 


"23 




"12 


"23 


}- 




"34 


4> 






P_ 


"23 


"24 


\y 


Q!12 


a 34: 


"34 . 




"24 


"34 


"12 


"23 


"23 


"23 


P 


P 



p 

"12 
"34 



"34 _ "^3! _ 
"12 P J 



"12 



I "34 "12 "24 

(C2 • fcsHCs • h) i 

"23 P "23 



-(C2-fc 4 )(C3-fcl) 1 - 
+ (C5-fe)f(C2-fcl)(C3-fe4) 



-(C 2 -fc 4 )(C 3 -fci) 

+ (cyclic permutations of indexes (1,2,3,4,5)) 

and 

A< 3 )(l,2,3,4,5) = 16C(3) 5 3 x 

X (Cl-C2)(C3-C4)|(C5-fcl)"23 



_P U23 _ &24 

"12 "34 "34 

+ 



"34 , „ "12 , 2p Q; 2 4 , 
+ 3 a 2 4 H 1 h 
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"34 



"23 



2 012 "24 2p a 3 4 2 0:34 a 24 _p 
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+ - 
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"34 



"34 



+ 
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2 
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P 
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"34 2 "24 2 "23 2 
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"34 



- 25 - 



"23 "34 _P 2 Q 2 3 "24 

P Q!12 "12 



a 34 



"24 "12 "24 



a 3 4 



"34 



"24 



+ (C5 ' ^3)0:24^ 
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P <P 
"34 2 "23 2 



"23 
"12 "23 



"23 
"34 "23 

. P "34 



+ 



"12 P P "12 

— p — 2 a 3 4 — "i 2 — 2 a 23 — 2 a 24 



2 "34 + 2p 



+ 
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^] 

DO 
O 
O 
N) 

O 
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i (t r\(r 1 \ / ai3 , 2q 12«13 . <P "12 . 2 a 34 a 23 
+ (Ci ' C4)(C2 • CsK (Cs • fci)a 34 <^ + + + 

I I "23 "23 "34 



+ 



"12 2 "34 2 
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1 "12 
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+ 



"12 



"23 . . "12 

—7 h "13 H 
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"34 
"23 



P "34 
"23 



2 a 34 a 2 4 . "12 "23 . "24 2 . „ I 

H 1 1 h 2 a 2 4 f - 



"23 



"23 



, Q!i2 2 a 3 4 2 . P "34 , P "24 . 

(Cs • k 2 )a 13 i 1 1 1 h 



"23 "23 



"23 



2 a 34 Q!24 , "12 "23 , "24 2 . „ | 
H 1 1 h 2 a 2 4 + 



"23 



"23 



, a 2 4 2 . 2 a 34 a 2 4 . P "34 , 2 a i2 a 23 

+ (C5 ' fc3j"12<! 1 1 1 h 



"23 



"23 
2 



| "34 + "12 + P "24 



"12 P 
P "34 



+ 



+ 
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P 


"23 
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+ "24 + 


"34 2 1 


P 


"12 J 


"12 2 


. "34 2 


P "34 


P 


"23 


"23 



"23 
+ 

P "24 



+ 



2 "34 "24 "12 



"23 



"23 



"24 
"23 



"23 
2 



+ 



-2a 24 + 



/> , w A , x f "12 , "12 "23 . "34 "24 . 2p« 34 

+ (Cl • foXCl • k 3 )< 1 1 1 h 

L "34 P "23 "23 

"12 2 "34 2 P 2 

+2 a 2i + + — — + — + 

P "23 "23 

^2 ai3 Q!24 "24^ "12 "23 _^ 3 Ql 2 "24 



"23 
"23 "24 



"23 
"34 "24 



"34 "23 
"240 "12 
"23 "34 



"12 "24^ 2 ai2 "24 . 



+ (Ci-fe)(a-fcs) 



"23 "34 
"34 2 



"12 



"34 

+ 3 a 24 + 



Q!i2^ . 2 p tt24 



"34 



+ 



"23 



+ 



2 gig a 2 4 2p a 34 2 a 34 a 24 p 2 

"34 "23 "23 "12 

2 



"34' 



"23 2 2 a 23 "24 2 a 12 a 23 



+ 



P "34 "34 

2 a 34 Q!2 3 , 2 ai2 "23 , 2 p a 3 4 
H 1 H 4> + 

<P P "12 

P 2 "12 2 "23 2 "24 2 

"23 P "34 "34 

"34 2 _j_ "24 2 _|_ "23 2 
"23 "23 



■ + 



o 
^] 

DO 
O 
O 
N) 

O 
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. ,, , s,, , x("i3 , 2ai 2 ai 3 ai2 , 2 a 34 a 23 , 

+ (Cl • fc 4 )(C4 • fc 3 K 1 1 1 7 h 

L "23 "23 a 34 

"12 2 "34 2 "13 _j_ 

Qf23 "2 3 

, "12 . «23 2 . . «12 2 

H 1 h ai3 H 

"23 "34 

(r t. \ ( ( /- 1 \tr 1 xf"24 2 . 2 a 34 a 2 4 p "34 . 2Qi 2 a 23 
(C5 ' k 3 )[ (Ci ' fc2)(C4 ' fciH 1 1 1" h 

V I "23 "23 "12 p 

, «34 2 "12 2 P "24 P "34 



"23 P "23 "23 

, a 23 2 , , a 34 2 \ . 

H h a 24 H f + 

P "12 J 

. /> , w A , xf "12 "23 "340 "34 "12 "12 "24 

+ (Cl • ^3)(C4 ' Ml + 

I P "23 "23 "23 

"12 2p a 2 4 2p a 3 4 3 a: 34 a 24 

"2.3 "23 "23 "23 

lo o i a 24 2 , 2 a 34 2 
+2 a 24 — 2 ai2 H 1 h 

"23 "23 

I "12 2 , "34 2 P 2 "34 "23 , „ , „ 1 , 

H 1 7 1 1 j V 2 a 34 + 2 p > + 

P "23 9 J 

. />. j \ ( /~ i \fo , "34"23 "1 3 "12 . "34"2 3 . "l 3 P . 

+ (Ci • fc 2j(C4 • k 2 )< 2a i3 H 1 1 h 

L P "12 "2 3 

| "1 3 "12 _ "2 3 "l 3 2a 34 Q; 13 3a 34 o;i 3 
"2 3 P "12 "2 3 

| 2ai 3 Q:24 0"l2 _0^ ^34 + 

"23 "23 "23 

" 34 _ "13P • "34 "34"i 3 "12 1 + 

"12 "23"12 "23"12 "23 J 



+ (Ci-fc 4 )(C4-fc 2 ) 



"34 2 , "12 2 , "12 , "13 



P "23 "23 "23 

2ai 2 ai3 a34"23 . "13 2 , „ 
H 1 1 h 2 ai3 

"23 "23 

f(C, /,,..((;., /, 2 ,K t .fc 3 )(^ + 3a24 + ^! + ^^ + 

L "12 " 3 4 "2 3 

2 ai2 a 2 4 2 p a 34 2 a 34 a 24 p 2 
H 1 1 1 r 

" 34 "2 3 "2 3 "12 

| "34 2 "23 2 2 a 23 a 24 2 aig a 23 

P " 3 4 " 3 4 

2 a 34 a 23 2 a 12 a 23 , 2 p a 34 
H 1 H + 

P "12 

| P 2 "12 2 "23 2 "2 4 2 

"23 P "34 "34 

"34 2 , "24 2 , "2 3 2 



(Ci-fc 3 )(C4-fc 2 ) 



"23 "23 <P 

ai2 "23 "340 "34 "12 "12 "24 



"23 "23 "23 
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«23 

, o L a 24 2 , 2 Q 34 2 
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a 2 3 CX23 
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«34 : 
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«13 
«23 



ai2^ , a 3 4 
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ai2 



+ 
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<223 
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C*23 
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Q!23 



^23 

- + — + 

C*23 

2 0:12 ai3 

«23 
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C*23 
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2 
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Q34 ^23 
C*34 
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Q12 
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-(C5-fc4)((C2-fcl)(0 



^24 
"34 



ai2 

2 a 2 3 «24 
^34 



P 

+ — 4 

«12 
«23 «12 
(334 



Ctl3 
C*23 

" 2 ai3 > 
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a 23 
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+ 
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P 
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H h «24 ' 
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«34 I 
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Q34P 
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ai2 z "34 : 



-(C2-fc 3 )(C3-fcl){ — 
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P 
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^23 
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a 24 2 
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C*23 



+ 



-(C2-fc 4 )(C3-fci)|-p-2a 23 
(Cs • h) ( (C2 • *i)(Ca • fc*)|a a 24 + — + 

V I "12 «12 
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ai2 - a 24 1 J + 

«23 2 . 



+ 



«24 



+ 



a34 

-(C2-fc 4 )(C 3 -fci)|-P 

(cyclic permutations of indexes (1,2,3,4,5)) . 



^4 t 1 1 r 

ai2 ai2 a 3i 

2 a 23 a 24 a 23 a i2 «i 2 a 24 1 

a 3 4 a 34 a 34 J 



a 3 4 
- 2 a 23 



034 
- 2 a 34 



0:34 
ai2 - a 2 4 



(B.2) 
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In the appendix ^ we compute the same amplitudes, using the standard Feynman 
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diagram technique, from the action ([O]) and verify explicitly that both approaches give 
the same result. 



C. The Feynman rules 



In this appendix we derive the Feynman rules from the lagrangian C = £(0,2) + £(3)> w here 
£(0,2) an d £( 3 ) are given in (4.1) and (p~3|), respectively. We will follow the standard 
procedure employed in non-abelian gauge theories. The gauge fields are matrices in the 
U(n) internal space, so that = A'^X a , where the hermitian generators A a satisfy the 
usual relations 



tr A a X b 



A a , A 



abc \ c 



i f aoc A 



Adding the gauge fixing term 



£-GF 



1 

2a 



(C.l) 



(C.2) 



and choosing the Feynman gauge condition a = 1, we obtain from eq. fl4.1|) the propagator 

k 



|i a 



. tab Vl^u 



(C.3) 



where k 2 = —k^ + k 2 , in agreement with the convention for 77^, given in fl2,6|). Since we 
are only interested in the tree level amplitudes, it will not be necessary to include ghost 
fields. 

The three point-vertex comes only from the standard F 2 term in eq. ( |4.1| ) and is 
given by 



p., a. 




k 3 

SJLSJLSJLSJU 



[l 2 a 2 



-igf 



aia 2 a 3 



+ (k 2 - fc 3 ) w r? M2M3 + O3 - fci) M2 r]^ 3 



gf 



0.10,20,3 



V, 



(ki,k 2) h) . 



(C.4) 



Our momentum conventions in the previous vertex as well as in the following ones are such 
that the momenta are all inwards. Also, when computing an N gluon amplitude, factors 

— i (27r) 10 S 10 (ki + k 2 H h kjy) and z/(27r) 10 are to be included for each interaction vertex 

and internal lines, respectively. In some steps of the calculation, it will be convenient to 
employ the relations (|C.1[) so that we can write ( |C.4| ) as follows 



-9 Yl tr (A ai A a2 A a3 ) [(k lw r/^ 2 - k XlX2 r? M1At3 ) + cyclic perm] 



perm' 



(C.5) 

where the meaning of ^perm' ^ s similar to the one in eq. ( |2.lD (except that here we have 
Lorentz indices instead of polarizations) and the terms in cyclic perm are obtained adding 



o 
-J 

N) 

o 
o 

o 
^1 
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the cyclic permutations of the Lorentz indices and momenta. The four and five gluon 
vertices can be expressed similarly as follows 




•KlZZtfa'h, h, h)=g 2 Yl triX^X^X^X^V^^ih, k 2 , k 3 , k 4 ) 



perm' 



(C.6) 



[i s a 5 




k 4 



\l 7 a 



k 3 

g 3 tr(A ai A a2 ...A a5 )y AtlAt2 ... At5 (fc 1 ,A: 2 ,...,A :5 ), (C.7) 



perm' 



where the Lorentz factors can be derived from ( [4,1[ ) and (^^) in a straightforward way. 
In the following we will present the results for the terms of order zero, two and three in 
a' . Let us begin with the four gluon vertex. The zeroth order contribution can be easily 
obtained from the first term in (|4.1| ) and is given by 



^1/^2^3/^4 ~~ 2 (^i^ 2 %3M4 Ipiw ^2^4 ) + cyclic perm. 



(C.8) 



The terms proportional to a' 2 are also straightforward, but much more involved. We 
have employed computer algebra to extract this and all higher order vertex contributions. 
Exploring the tensor symmetry we obtain the following result 



6 



n 2 a' 



| (fe> ■ k 3 rj^ 3fl4 - k2 fM3 k 3fJ , 4 ) (h ■ k 4 j]^ lfl2 - h^h^ 2 ) + 



+ (fc 4 ,At 4 ) < — > (mi>^i) (A*4,fel) 



+ 



+ 



{kl,m) (k 2 ,fJ, 2 ) (k3,fJ, 3 ) (h,fi4,) < > (H2,k 2 ) (fJ>3,fo) (^4,fc 4 ) } 



+ 



+ 2 x {previous curly bracket with (^3, k 3 ) « — > (^4, fed)} — 
-2{(k 1 - k 2 i] fMll j t2 - k lfl2 k 2lM1 ) (k 3 ■ hVmiM, ~ h^h^)} + 

+ — X {previous curly bracket with (fj, 2 , k 2 ) < ► (fi 3 , k 3 )} + 

+ cyclic perm, 



(C.9) 



o 
<] 

N) 
o 
o 

L\3 
O 



where an interchange like (ki, n±) (k 2 , fj, 2 ) < — > (fii, ki) ([J, 2 , k 2 ) yields, for instance, k\ ■ 
fe3 < — > fe3 Atl and k\ ■ k 2 < — ► Vm^- ^ n writing the above expression, we have organized the 
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terms in such a way that there is a direct correspondence with the terms of order a' 2 in 
eq. ( [4 . 1[ ) . The second and the third term of eq. ( [4,1] ) generates the first and the second curly 
brackets of eq. (|C.9|) , respectively. The fourth and the fifth terms of eq. ( [4.1[ ) generates the 



the last two curly brackets eq. (C 



Let us now consider the contributions to V^ 1 ... /J4 (k± . . . k±) which are of order a' . These 
are generated from the last five terms of eq. (|4.3| ) with the covariant derivative replaced by 
the usual one. These terms can also be written, exploring the tensor symmetry, as follows 



1 



C(3)a 



/3 



1 16 (k 2fll h ■ k 3 - k 3/Jtl ki ■ k 2 ) (?? M2M3 (k 3 ■ k 4 k 2fl4 - k 2 ■ hk 3f t 4 ) 



+ (^Ws^i ■ h - k 2 ^k\ m ) (A; 3m4 (h^ 2 k 2 ■ k 3 - k 3 ^ 2 k 2 ■ k 4 ) 



Hi <■ 
- /i4 



{ 



k 2 ) + 
*k 4 ) } + 



+ <^ 8 fci • k 2 



(^3^4 k 2 ■ k 4 — k 2/I4 fc 4/U3 ) {Vmw ^i ' ^3 — &3/xi ^i^ 2 ) + 



+ 



+ (%,/ii) (k 3 ,n 3 ) < — > (Ml)fci) fas, fa) 

+ ( fc 2,^2) (fa, fa) (fa, fa) < > (Ml)^l) (/^2, A: 2 ) G"3 5 &3) (^4,^4)]} 



+ 



+ {previous curly bracket with (fi 2 , k 2 ) < — ► (fj, 3 , k 3 )} — 

- {8ki ■ k 3 [(k 2 ■ /c 4 ry M2M4 - k^ 2 k 2fli ) (fa ■ k^^ - k lfjL:i k 3ftl )] } + 

+ {16 h • fc 4 (ri^^ki ■ k 3 - k lfl3 k 3fll ) {rj^ 2 ^k 2 ■ k 3 - fa^fa^) - /i 4 < > k A ) + 

+ cyclic perm . (C.10) 

Similarly to the eq. ( p.9|) , each one of the five brackets in the previous expression is in direct 
correspondence with the last five terms in eq. ([4.3|). The compact and symmetric form of 
these expressions makes then quite useful when performing the calculations of scattering 
amplitudes. Everything can be expressed in terms of the product of two tensors of the 



form of the zeroth order four-gluon vertex given by (C. 



An important property of the four-gluon vertices in eq. ( C.9 ) and ( C.10| ) is that they 
obey simple Ward identities like 



*f v^Ufa • • -fa) = fcf v^lih ...k A ) = v^l(h . . . A*) 
= k^vW(h...k 4 ) = o. 



(C.ll) 



These identities are a direct consequence of the invariance of the Born-Infeld action under 
a non-abelian gauge transformation 



An — > An - ^<9 M u; + i [A^, to] 



(C.12) 



where u is an infinitesimal matrix. The zero on the right hand side of eq. ( C.ll| ) reflects 
the absence of A 3 terms of order a' 2 or higher. In fact, since each individual term in the 
lagrangians fl4,l|) and ( f4.3[) is gauge invariant by itself, the identity ( C.ll| ) is fulfilled by 
each curly bracket in eqs. ( p.9|) and ( Cldj ). 



o 
-J 

N) 
o 
o 

O 
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The contribution of order a' 2 to the five-gluon vertex can also be written in a very 
compact form as follows 



{[(* 

+ (fJ-2,fa) <-> (H5,fa) -fl5^fa} + 



3M5 ; + 



+ [ [(&l • &4 W2 - k lfM2 k 4fM1 ) (fcs^^Ws - fa^rj^) - (fj, 2 , fa) ^ (> 3) fo)] + 
— ^4 <-> £4 j + 

+ { (&1 M3 ?W2 - ^l^^MlMs) ( fc 4 ' &5?W5 - ki^ks^) - (m, fa) <-> (/i 3 , fc 3 )} + 
+ {(fci • ^3Wa - fcl/*s*3/ii) faimVlHIH - ^ w 1ww)} + 

+ cyclic perm. (C.13) 

Notice that after including all the cyclic permutations this expression generates 300 terms. 
We have verified that ( p. 13] ) and ( |C.SD are related by the following Ward identity 

Vgl^ (fa,...,fa) = V$ m ^ 5 (fa + fa, fa, fa, fa) - v£l^ 5 (fa, fa, fa, fa + fa), 

(C.14) 

which is again a consequence of the gauge invariance of the effective action ( f4.ip under the 
gauge transformation (p. 12 ). 



Finally, the contributions of order a' 3 to the five gluon vertex are given by 



V 16C(3)^) ^-■■"« (*i • • • **) ~ 

{ [(famViiiM* ~ fa^Vni^ifa ■ fafa^ - fa ■ fafa^)fa^ + (fii,fa)(fl 5 ,fa) <-> (fa, fJ, 4 )(fa, (J, 5 )] + 

+ [(fe^TWs-^JWsX^ • farin^-fa^fa^fa ■ fa + (fj,i,ki)(m,ki) <-> (fa, m)(fa, fu)] + 

+ (M3) fa)(p5,fa) <-* (fa, faXfa, Ps) \ + 

J (1) 

+ |previous curly bracket with (fj,i, fa)(/J,2, fa)(fJ-3, fa)(p,i, fa)(fjL§, fa) <-> 

<-> (Ml,fel)(j"3,fc3)(M5,A;5)(M4,fc4)(j"2,fe2)[ + 

J (2) 

+ • faVmm-fa^fa^tfa ■ faV^3H6-fa^fa^ 3 ) fc 4 M2 - (M2,fe) <"> (^4,^4)] - M4 <-» M(3)+ 

+ { [(fcl • fc2^ 1( u 4 - fa^Mm) (fa ■ fafa^ ~ fa ■ fafa^) ?Ws - M5 «-> fe] + 

+ [(fa^Vl^Hs - V^sfa^) (fa ■ fc 3?W3 - fa^fa^) fa ■ fa - Ml <-> fei] + 

+ [[(^a^Ws - Ws^) fc 2 M4 - M2 <"> fo] (fcl • fefel^ - fel ' fofa^)] + 

+ [(fe 2 • ~ fa^fa^) (fa ■ faVnins ~ fa^fafu) fa^ 2 - ^3 <-> + 

+ [[(fcl • faV^i^-fa^fa^i) (fa^fa^-ll^^fa ■ fa) fa^i-^3 <-» fa] -(piifa) <-> (M3,fes)] + 
+ [[(fe^^i^-^l/is^i^) (fa^fa^-V^^fa ■ fa) fa ■ fa~H5 *-> fa] ~(H2,fa)^(H3,fa)] + 
+ [[(fa ■ faVfii^-fanafaiMi) (fa^fa^-fa ■ fav^z) -/*3 ^ *&] fa^-(^,fa) <-> (M5,fe)]- 
- [(fc2 M5 ^ 2/i3 ~ fa^V^Hs) (fa^fa^i ~ fc l ' fa 7 hi^) fa ■ (fa + fa) ~ <"> fe] + 



+ [[(fa ' faV^^B -fa^fa^) (fa ■ fav^^-fa^fa^) ~(^3,fa) <"> (V2,fa)] fc2 Pl - Ml^l] + 
+ [[(Vfis^fa ' fa-fa^fa^) (fa^fa^-^^^fa ' ^4) -^3^^] fc3 Ml ~ (Ml) fa) <-> (^2, fa)] + 

+ [{fa ■ fc 2 W 3 - fa^fom) (fa • far)iW4 - fa^fa^) fc 3 M5 - M5 fcs] + 
+ [(&2 • ^^4^5 - k 4 ■ fafa^) r? M2(tl4 - M2 ^ fo] (fcl • ^i/ ww - fa^fam) + 

+ [(^4 M1 fcl • ^3 - ^3 M1 fcl • fa) fW 4 - M4 <"> fa] (fa ■ /c 5 ?W5 - fa^fa^s) + 

+ [(fa ■ faVfj.2^ - fansfanz) (fa-faVuav*. - fa^fa^) fam - Mi ^ fa] } 



(4) 



fa^VviUs V^^fafii) (fa 



fa^ fa^j 



(pa, fa) (^5, fa)] 



- fi 2 «-> fea] &2 • ^3— Mi ^ &i] + 

+ [[(^2M4^3M5~ ? 7M2M5 7 7M3M4)( fc l- fc 4fc5 Ml -fcrfc5fc4 AI1 )-M4 <"> ^]fc4 ' (fa + fa) -/i 5 ^> fcg] 
+ [[(^2M5 fc 5 M3 - fc5 M2 ?W E ) (&3 ' Mmi**4 - fa^fa^i) + (fJ>i,fa) <-»■ (M5,fc 5 )] fc 3 • fc 4 - 

- (/ii, fci) <-> (/i 2) fe)] + 
+ [[(^fytiWi - V^sfafii) (fa^fa^s - fa^fa^) - M2 <"» fca] fa- fa- fl!<-> fa] + 



[[(fa ■ fafau, 3 - fc2 M3 fcl • fc 3 ) (?W 5 fc5 



fi 2 <-> fa] k 2fli - /ii <-> fci] 



+ [[(fcB^lWs ~ Vmnsfana) (fa^fa 'fa- fa- fafa^) - /i 3 <-> fc 3 ] fc 4M2 - Ml fcl] + 

+ [{fapuVi^i^-Vmi^fa^) (fa ■ fafa^-fa^fa ■ k 5 ) -is 2 ^fa] (fa - kij^-m^fa \ + 

J2M5 7 W4- 7 W4 ? W5) ( fe l ' fafa^-fa^fa ■ fa) - M2 <-> fe] ^2 ' (fc 4 + fc 5 ) ~ Ml ^ fcl] + 

+ [[(fci • faVmm-fa^fa^) (fa^V^^-fa^V^t^) -V5^fa] k 2 ■ fa-(n 3 ,k 3 )^(n4,k 4 )] + 

+ [[(fa^fa^i ~ fa ■ faVtMiHt) (fa^fa^3 ~ ^2M3 fe 2 ' fa) - M3 <"> fa] - M5 <-> fa] fc 2M4 - 

- [previous bracket with (mi, fa)(fJ- 2 , fa)((J>3, fa)(/J>4,, fa)(/J>5, fa) <-> 

«-> (M4,fc4)(M3,fc3)(Ml, fc l)(M5,fc5)(M2,fe)]fc2 Al5 [ + 

J (6) 

+ |[(fc 2 • faVn2^-fa^fa^ 2 ) fa^ -(^i,fa) <-> (M5,fcs) + (fa^V^^-fa^V^^) (fa+fa) ■ fa] x 

X (fcl • fc 3 ^lM3 - fa^fa^l) + (fa ■ faVfteM - fa^fa^) (fclM4^lM3 - fa^Vfll^) fa ■ k5 },^ 

(fa^Vvi^-fl^^fa^tfat^fa^-fa ■ faVi*,m) +(^i,fa)(fJ-5,fa) «-> (M4,M5)(fc5,M5)]~ 

(M4, fc4) (M5, ^5)] fcl • fc 2+ (fc3 • fc5^3M5 ~ fa^fa^) (fa ' fc 5^i 



/' ] 'fa^fafll) fafl 2 



+ [[(fa„ ) [(fa ■ faVviv* - fa 114 fa Ml 

) + (fci • fc 3 ??MiM4 - fci^fca^i)] + 



+ (fclM4^ 

+ 2[(fc 2 -fc5??M 

cyclic perm 



fa^Vnifi*) (fa ■ fc5?W5 - fc2 M5 fc5M2)]fc4 ' fa - M4 ^ fc4] + 



,;'5-fc2 M 5 fc .V 2 )((fcrfc2?7 M 



i./'j fanifam) fa^3 (fa'faVtiitis fafi 3 fam 



(8) 

(C.15) 



Notice that we have numbered the curly brackets in the previous expression in correspon- 
dence with the terms in the lagrangian Q4,3| ). The F 5 terms in ( f4.3[ ) yields the first three 
curly brackets in eq. ( |C. 15) ) . Since there are no four-gluon vertex associated with these 
terms, the corresponding Ward identities are quite simple insofar as its right hand side is 
identically zero. This simple property has been explicitly verified for the first three curly 



brackets in eq. ( C.15 ). Each of the curly brackets numbered from (4) to (8) satisfy an Ward 
identity similar to the one in eq. (C.14). Therefore the complete vertex Vj2 1 '... :f _i 5 (fa, . . . , fa) 



EC 
o 

N) 
O 
O 
L\3 

O 
^1 
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satisfy 



k^ 1 y^ 5 (h, ...,k 5 ) = V£l m (h + k 2 , k 3 , k 4 , h) - V^% m (k 2 , k 3 , h, h + k 5 ) . 

(C.16) 

D. The three, four and five-point amplitudes 

We will now employ the Feynman rules presented in appendix |C| in order to compute 
the scattering amplitudes A^ of N gluons with colors ai, a 2 , ■ ■ ■ , o>n, polarizations 
Ci) C2, ■ ■ ■ > Cn an d external momenta k\, k 2 , ■ ■ ■ , kN, satisfying the physical conditions 



in (2Jj). In what follows we will present and discuss the explicit results for N = 3,4, 5 up 
to order a' 3 . 

The three-gluon amplitude A^ can be easily obtained from eq. ( C.5 ). Contracting 
with d/i! C2 A t 2 C3/i 3 an d inserting the factor —i (27r) 10 5 10 (ki + k 2 + k 3 ) one easily obtains 

A® = ig(27r) w S^ih + k 2 + k 3 ) Y, tr (A 0-1 A" 2 A as ) [(Cs • h) (Ci ■ C2) - (C2 • fci) (Ci • Cs)] • 

(D.l) 



perm 



Using the cyclic invariance of the trace we can write eq. (D.l) as follows 



A {3) = i (2vr) 10 5 10 (A:i + k 2 + k 3 ) ^ (A ai A a2 A a3 ) A(l, 2, 3) , (D.2) 



perm' 



where 

A(l, 2, 3) = g [(Cs • h) (Ci • C2) - (C2 • fei) (Ci • Cs)] + (cyclic perm) (D.3) 
As we can see, this is the simplest example were general structure of the amplitudes given 



in eq. ( |2,1| ) arises. Inserting eq. ( p.3| ) into eq. (D.2) one can easily obtain the result given 
in eq. ( p.2[ ). There are some simple properties of (D.2) which is shared by any other 
amplitude. First of all, it exhibits the Bose symmetry under permutations of the external 
gluons. Secondly, it is invariant under Lorentz transformations. And last but not least, it 
is invariant under independent gauge transformations Q — > Q + on k{, (i = 1, 2, 3) of the 3 
external fields. One should also remark that ( p.2| ) is an exact tree amplitude independent 
of the parameter a'. That would not be so, if the lagrangian contained a term like a' F 3 . 

Let us make some other observations about the three gluon amplitude. Making use of 
the gauge freedom (t -> Cf + a% K\ (i = 1, 2, 3), one can always choose a gauge such that 
all the time components of Cf 1 , (« = 1, 2, 3) are equal to zero. In this case, the transversality 
condition implies that Q _L ki, (i = 1, 2, 3). On the other hand, the physical conditions on 
the external momenta implies that k\ \ \ k 2 and k\ \ \k 3 . Therefore, the polarizations of three 
the external gluons are all perpendicular to k% , k 2 and k 3 and the amplitude ( p.2j ) vanishes 
for this choice of gauge. Since it is gauge invariant, it is always zero. Physically this is 
just a consequence of the conservation of the total (spin and orbital) angular momentum 
of the three on-shell transverse massless particles. Our strategy to the computation of 
the four and five gluon amplitudes will be first to derive the relation (|2.1| ) and then to 
compute the Lorentz scalars A(l, 2, 3,4) and A(l, 2, 3, 4, 5). As we will see, these Lorentz 



?2.*2. a 2 



Ci- *j- a J ^2, k 2,a 2 ^3 k 3- a 3 



(a) (b) 

Figure 2: Basic tree diagrams which contributes to the four gluon scattering amplitude. There are 
three permutations of the diagram (a) which can be obtained fixing the external gluon (d ki ai) 
and cyclic permuting the other three. 



scalars can be expressed in terms combinations of contractions of the Lorentz scalars in 
the Feynman rules. All we need to do that are a few simple relations involving the color 
factors associated with the diagrams shown in figures || and ||. 

The color factor associated with the diagram (a) of figure || can be expressed in terms 
of traces of the group generators as 

££080804 _ g 2 fai a 2 d f da 3ai = _ ig 2 tr ^ [\ a \ \ d }^j f da ^ = -g 2 tr (A ai [A a2 , [A a3 ,A a4 ]]) , 

(D.4) 

where we have employed eq. (C.l). Similarly, the diagram (a) of figure |3] has a color factor 

£01(12(13(14(15 _ ^3 ja\a2d jdeas jct-jcue _ _^ g 3 ^ ^ A «l [\ a 2 A^]^ fdeas ja^a^e 

= -g 3 tr(A ai [A a2 ,[A e ,A a5 ]]) f a ^ e 

= ig 3 tr(A ai [A a2 , [[A a3 , A a4 ], A" 5 ]]) . (D.5) 

The diagram (6) of figure || can be expressed in terms of six different color factors, 
each one corresponding to the different traces in the four gluon vertex given by eq. (C.6). 
For instance, one these factors is 

^02030405 _ g 3 tr ( A ai A a 2 A a 3 A ^ jea 4 a 5 = _ • g 3 fa ^aj ^2 ^ [A**, A 06 ]) (D.6) 

and the other five are obtained by doing permutations of {a,2,a3,e} and replacing A e by 
[A Q4 ,A a5 ]. We have now the basic ingredients and definitions in order to generate the 
Lorentz scalars A(l, 2, 3, 4) and A(l, 2, 3, 4, 5). 

Using the relation ( p.4j ) in the expression associated with the diagram (a) of figure || 
and performing the permutations as indicated in the figure, we obtain for the Lorentz factor 
of tr (A ai A a2 A a3 A a4 ) the following expression 

- A(l, 2, 3, 4) = V33U, 2, 3, 4) - V 33 (l, 4, 2, 3) - V 4 (l, 2, 3, 4) . (D.7) 

The explicit form of the Lorentz scalar V33 is given by 

)V a .. (ki + ko.ki.kA 

, (D.8) 



y 33 (i, 2, 3, 4) = cf Cf Ct Cf 



2ki-k 2 



phys 



where V is the Lorentz factor of the three gluon vertex as defined in eq. ( C.4 ) and the 
subscript "phys" means that the conditions ( |2.5[ ) are being used. The scalar V4 is given by 



14(1,2,3,4) = C^C^C^C(v^ 4li (k 1 ,...,h) + V^l 

+ Vg.. w (fcl,...,fc4) 



A'4 1 



,fc 4 ) + 



phys 



(D.9) 



Making a systematic use of the physical conditions fl2,5| ) , we were able to simplify the result 
to the following form: 



,4(1,2,3,4) = g 



+ 



4vr 2 



(k\ ■ k 2 ) (h • /c 4 ) 3 



a' 2 + 16 Oi • k 3 )((3)a' 3 I x 



(D.10) 



where the kinematic factor K(d, ki; C25 ^2; C3> &3i C4> ^4) agrees with (|3.6|) . Finally, inserting 
the factors -i (27r) 10 £ 10 (A;i + k 2 + k 3 + fe 4 ), the color factor A ai A a2 A a3 A a4 and adding the 
remaining non-cyclic permutations, we obtain 

A {4) = i(2ir) w 5 10 (k 1 + k 2 + k 3 + k 4 ) tr(A ai A a2 A a3 A a4 )^(l,2,3,4). (D.ll) 

perm' 



As we can see, eq. ( D.ll ) exhibits the structure of the general amplitude given by eq. (fO|). 
The on-shell gauge invariance of can be argued by the following two nice properties 
satisfied by the kinematic factor K present in ( p.101 ): 11 it has total symmetry in the four 
external particles (so K may be written as a common factor in (D.ll)) and it vanishes 
whenever any Q is substituted by the corresponding ki, after using the physical conditions 
in ( p.5| ) (so K is, itself, on-shell gauge invariant). We remark that the a' corrections are 
associated only with the quartic vertex in figure |2| (b). 

Let us now consider the five gluon amplitude shown in figure ||. Using eqs. ( p.5| ) 
and ( p.6| ), performing the permutations indicated in the figure ||| and collecting the co- 
efficient of tr(A Q1 A a2 A as A a4 A as ), we obtain the following expression for the Lorentz scalar 
,4(1,2,3,4,5) 



,4(1,2,3,4,5) 



1/333(1,2 , 3,4,5) +y 333 (l,5,3,4,2) + 
+ 1/333(1, 2, 5, 4, 3) + 1/333(5, 4, 2, 3, 1) - V 333 (l, 5, 2, 3, 4) - 
-F 43; i(l,2,3,4,5) -F 43; i(3,4,5,l,2) - 
-y 43;3 (l,4,5,2,3) -1/ 43;6 (1,2,5,3,4) +143.3(4,2,3,1,5) + 
+ ^(1,2,3,4,5)1 , (D.12) 

J phys 



where 



1/ 333 (1,2,3,4, 5) 



V^ii^(h,k2, -h - k 2 )V a fl3 ^ 4 (-k 3 - k4 : ,k 3 ,k4)V^ spa (k 5 ,ki + k 2 ,k 3 + k 4 ) 

(2ki ■ k 2 )(2k 3 ■ fc 4 ) 



^ee @, section 7.4.3] 



(a) 



(b) 



(c) 



Figure 3: Basic tree diagrams which contributes to the five gluon scattering amplitude. The 15 
permutations of the diagram (a) can be grouped in 5 sets of three permutations. The first set is 
obtained fixing the external gluons (Ci ki a±) and (£5 k§ 05) and cyclic permuting the other three. 
The other four sets are obtained from the first performing 5<-»-l, 5«-»2, 5<-»3 and 5^4. There 
are 10 permutations of diagram (b) which correspond to the 10 distinct possibilities [(4,5), (3,5), 
(2,5), (1,5), (3,4), (2,4), (1,4), (2,3), (1,3), (1,2)] for the external gluons in the cubic vertex 



v /-^l 

x Si S2 S3 S4 S5 

^(1,2,3,4,5) 



phys 



(D.13) 



V (i) /um2//^ 15 fca ' ki + k ^) y p^{- k i ~ h, h, h) 



(2 • k$ 



+ 



+ 



+ 



y WmM2M3 P(fcl ' ^ ki + fc 5)^4M 5 (- fc 4 

(2k 4 -k 5 ) 

V (i)^2^( kl ' k2 > fc3 ' ki + M^wsC - ^ - h, h, h) 



+ 



(2k 4 -k 



x 



x 



AMI aM2 /-M3 aA»4 /-M5 
Si S2 S3 S4 S5 



phys 



(t = l,...,6) 



(D.14) 



and 



V 5 (l, 2, 3, 4, 5) = Cf 1 C 2 M2 Cr C 5 M5 (< 2 > . w • • • A) + V£l, 5 (h,-.., h)) | phyg . 

P (D-15) 

The quantities v}?'^'^ = 1 ... 6) are the Lorentz factors of the independent traces 
(see eq. ( |C.6| )) 

tr(A ai A a2 A a3 A a4 ), 
tr(A ai A a3 A a4 A a2 ), 
tr(A ai A a4 A a2 A a3 ), 
tr(A ai A a4 A a3 A a2 ), 
tr(A ai A a3 A a2 A a4 ) 



and 

respectively. 



tr(A ai A a2 A a4 A a3 ), 
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o 

o 
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The eqs. (p.!2|) to ( p,15|) , together with the results of the appendix ^, constitute a well 
defined set of inputs to a computer aided calculation. The computation of these Lorentz 
scalars, as well as the ones associated with the four gluon amplitude, was performed using 
the Maple version of the computer algebra package HIP |11]. Although the result contains 
a large number of terms (the full expression, including the cyclic permutations, contains 
562, 1272 and 8992 terms respectively for the powers 0, 2 and 3 of a'), we were able to 
verify that eq. ( D,12j ) reproduces exactly the expression given in eq. ( |5.29[ ). We have also 
explicitly verified the gauge invariance of the final amplitude 



= i(27r) w 5 w (k 1 + k 2 + k 3 + k 4 + k 5 ) V tr(A ai A a2 A a3 A a4 A a5 )^(l,2,3,4,5). (D.16) 



perm' 
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